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NON-COMMUTATIVE IWASAWA THEORY FOR MODULAR FORMS 

J. COATES, T. DOKCHITSER, Z. LIANG, W. STEIN, R. SUJATHA 



Abstract. The aim of the present paper is to give evidence, largely numerical, in 
support of the non-commutative main conjecture of Iwasawa theory for the motive of 
S , a primitive modular form of weight k > 2 over the Galois extension of Q obtained 

by adjoining to Q all p-power roots of unity, and all p-power roots of a fixed integer 
m > 1. The predictions of the main conjecture are rather intricate in this case because 

00 ' there is more than one critical point, and also there is no canonical choice of periods. 

Nevertheless, our numerical data agrees perfectly with all aspects of the main conjecture, 

r ,' ■ including Kato's mysterious congruence between the cyclotomic Manin p-adic L-function, 

y-^ , and the cyclotomic p-adic L-function of a twist of the motive by a certain non-abelian 

^^ ■ Artin character of the Galois group of this extension. 

^ . 

1. Introduction 
Let z be a variable in the upper half complex plane, and put q = e^'^*^. Let 



oo 



> 

oo 

S: (1) f{z) = }_^a^q'' 

^-~l ■ 71=1 

^ ' be a primitive cusp form of conductor A^ (in the sense of [18]), with trivial character, 

^ ■ and weight k > 2. For simplicity, we shall always assume that the Fourier coefficients 

o-n {n > 1) of / are in Q. Let p be an odd prime number. The aim of the present paper 

is to provide some evidence, largely numerical, for the validity of the non-commutative 

K> ■ main conjecture of Iwasawa theory for the motive M(/) attached to / over the p-adic Lie 

H ■ extension 



F^ = Q{fip^,m^/p\n = l,2, 



which is obtained by adjoining to Q the group /ipoo of all p-power roots of unity, and 
all p-power roots of some fixed integer m > 1. In this case, the analytic continuation 
and functional equation for the complex L-function L{f, 0, s) of / twisted by any Artin 
character of the Galois group of F^^, over Q are well-known consequences of the theory 
of automorphic base change. The points s = 1, . . . ,k — l are critical for all of the complex 
L-functions L{f,(j),s), and we show that essentially the same arguments as in [1] enable 
one to prove the expected algebraicity statement at these points. Moreover, these values 
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are all non-zero, except perhaps for the central value s = k/2; in particular, there is 
always at least one non-zero critical value since k > 2. 

In [2], a precise main conjecture was formulated for an elliptic curve over any p-adic 
Lie extension of a number field F containing the cyclotomic Zp-extension of F, and under 
the assumption that the elliptic curve is ordinary at the prime p. This was generalized 
to arbitrary ordinary motives in [8], and it is a special case of the main conjecture of 
[8] which we consider here. Thus we assume that p is an odd prime number such that 
(j9, ap) = {p, N) = 1. One of the underlying ideas of the non-commutative main conjecture 
is to prove the existence of a p-adic L-function, which interpolates a canonical normal- 
ization of the critical values L{f, 0, n), where n = 1, . . . ,k — 1, and runs over all Artin 
representations of the Galois group 

G = Gal(Foo/Q). 

We denote these normalized L- values by Cp^'^{f,(f),n) (for the precise definition, see for- 
mulae (68), (69) and (71) in §5). The definition of these normalized L-values requires 
making a choice of canonical periods for the form /, and, until such a time as the main 
conjectures of non-commutative Iwasawa theory are fully proven, we are only able to make 
an educated guess at present as to what these canonical periods should be. However, as 
we explain in §5, Manin's work on the construction of the p-adic L-function for our mod- 
ular form / over the field Q(/ipoo) gives some information about these canonical periods, 
which is relevant for our numerical examples. 

As we explain in more detail in §5, the existence of a p-adic L-function attached to / over 
the non-abelian extension F^o of Q, when combined with the work of Kato [14], implies the 
existence of the following mysterious congruence between two p-adic L-functions attached 
to / over certain abelian sub-extensions of -Foo/Q- We are very grateful to M. Kakde for 
explaining to us how this congruence follows from Kato's work. Let a denote the {p — 1)- 
dimensional representation of G given by the direct sum of the irreducible representations 
of Gal(Q(/Xp)/Q). Let p be the unique irreducible representation of dimension p — 1 of 
the Galois group of the field 

F = Q(/ip,mi/P) 

over Q, where we now assume that m > 1 is p-power free. Write Q'^^'^ for the cyclotomic 
Zp-extension of Q, and S for the group of irreducible characters of finite order of F = 
Gal(Q'^^'^/Q). Further, let Xp denote the character giving the action of Gal(Q/Q) on fipoo. 
We fix a topological generator 7 of F, and put u = Xpil)- The work of Manin [16] proves 
that there exists a unique power series H{a,T) in the ring R = Zp[[T]] such that 

(2) H{a, ^(7)w^ - 1) = /:r(/' ^^' ^/2 + 0, 

for all ip in E, and all integers r with —k/2 + 1 < r < k/2 — 1. On the other hand, the 
conjectural existence of a good p-adic L-function for / over the field Fqo would imply, in 
particular, the existence of a power series H{p,T) in the ring R such that 

(3) H{p, ^{^X - 1) = C°(/' P^' ^/2 + r), 
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for all ip in S, and all integers r with —k/2 + 1 < r < k/2 — 1. Then Kato's work [14] 
implies the following conjectural congruence between formal power series 

(4) H{p,T) =H{a,T) mod pR. 

This conjectural congruence in R has the following consequences for our critical L- values. 
Firstly, on evaluation of our power series at the relevant point in pZp, we deduce from (2) 
and (3) that the congruence 

(5) £7X/, P, n) ^ C;^^if, a, n) modpZ, 

should hold for n = 1, . . . ,k — 1. Secondly, if we assume the additional property that 

(6) L{f,a,k/2)=L{f,p,k/2) = 0, 

then we would have that H{p, T) and H{a, T) both belong to the ideal TR. It is then 
clear from (2), (3) and (4) that the stronger congruence 

(7) C;^^if, p, n) ^ qrif. ^, n) modp% 

should hold for n = 1 , . . . , /c — 1 . 

Our numerical computations (see §6) verify the first congruence (5) for the prime p = 3 
and a substantial range of cube free integers m > 1, for three forms / of weight 4 and 
conductors 5, 7, 121, and one form / of weight 6 and conductor 5, all of which are ordinary 
at 3. These computations require us to determine numerically the Fourier coefficients a„ 
of these forms / for n in the range 1 < n < 10®. In addition, for the two forms of 
weight 4 and conductors 7 and 121, we prove that (6) holds for all integers m > 1, 
and happily, our numerical results show that the sharper congruence (7) holds for these 
two forms and the prime p = 3 for a good range of cube free integers m > 1. When 
/ is a complex mutliplication form, some cases of the congruence (4) have already been 
established theoretically by Delbourgo and Ward [3] and Kim [15]. However, when / is 
not a complex multiplication form, our numerical data seems to provide the first hard 
evidence in support of the mysterious non-abelian congruence (4) between abelian p-adic 
L-f unctions. 

We warmly thank T. Bouganis, M. Kakde, and D. Kim for very helpful advice on the 
writing of this paper. 

2. Algebraicity of L-values 

As in the Introduction, let / given by (1) be a primitive cusp form of conductor A^ > 1 
with trivial character and weight k > 2 (thus k is necessarily even). For simplicity, we 
always assume that the Fourier coefficients a„ (n > 1) of / belong to Q. The complex 
L-function attached to / is 



oo 



L{f^ s) = 7 . (^n/n- 



n=l 
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This L- function has the following Euler product. For any prime p, let 

(9) Tp : Gal(Q/Q)^AutQ^(V;) 

be the p-adic Galois representation attached to /; here V^ is a two dimensional vector 
space over the field Qp of p-adic numbers. If q is any prime distinct from p, define the 
polynomial 

(10) P,(/,X) = det(l - rp(Frob-i)X | \//'), 

where Iq is the inertial subgroup of the decomposition group of any fixed prime of Q above 
g, and Frobg denote the Frobenius automorphism of q. Moreover, if (g, A^) = 1, we have 

(11) Pq{f,X) = l-aqX + q^-'X\ 
Then 

(12) L{f,s) = \{Pq{f,q-r' 

when Re(s) > 1 + (/c — l)/2. Defining 

(13) A(/,s) = iV^/2(27r)-T(s)L(/,s), 

we know, since Hecke, that A(/, s) is entire and satisfies the functional equation 

(14) A{f,s)=w{f)A{f,k-s) 

where w{f) = ±1 is the sign in the functional equation. The critical values of L{f, s) are 
at the points s = l,...,A; — 1. Following Shimura [23], [24], we introduce the following 
naive periods for /, which we have normalized in view of our later numerical calculations. 
Define 

(15) n4f)=tw{f){2n)-'L{f,l). 

Since the Euler product for L{f, s) converges to a positive real number when s is real 
and s > 1 + (A; — l)/2, it is clear from the functional equation (14), that fi-(/) is 
purely imaginary in the upper half plane. Motivated again by numerical calculations, we 
assume throughout the following simplifying hypothesis (see [7] for examples in which this 
hypothesis fails). 

Hypothesis HI: L{f, 2) ^ when k = 4. 

We then define 

(16) n4f)=w{f){27Tr'L{f,2). 

Again, f2+(/) is always a positive real number when k > 4, and presumably (it would, of 
course, be implied by the generalized Riemann Hypothesis) this remains true even when 
k = 4, although this value is outside the region of convergence of the Euler product. 
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Theorem 2.1. (See [23], [24]) (i) If n is an odd integer such that 1 < n < k — 1, then 

(2«)""L(/,n)/fi_(/)GQ; 
(a) If n is an even integer such that 1 < n < k — 1, then 

{2mr-Lif,n)/n+if)eQ. 

In what follows, we shall mainly be interested in the L-functions of / twisted by Artin 
characters. We rapidly recall the definitions of these L-functions. By an Artin represen- 
tation, we mean a homomorphism 

(17) : Gal(Q/Q) -^ AutQ(W^) 

which factors through the Galois group of a finite extension of Q; here W^ is a vector space 
of finite dimension over Q. Put 

rf(0) = dimQiW). 

For each prime p, let 

Mpif) = Vp ®Q^ Qp, Mp{<j)) = W^Q Qp. 
Then 

(18) L(/,0,s)=nP,(/,0,g-)-i, 

where 

(19) P,(/, 0,X) = det ((1 - Frob-^X) | (M,(/) ®q^ Mp(0))^^) (g ^ p) 

is the Euler product attached to the tensor product Galois representation Mp{f) 0^ 
Mp{(j)). The Euler product (18) converges in the region Re(s) > 1 + {k — l)/2. It is one of 
the fundamental problems of number theory to prove the analytic continuation and the 
following conjectural functional equation for L(/, 0, s). Let A^(/, 0) be the conductor of 
the family of p-adic representations Mp{f) 0^ Mp(0), and define 

(20) A(/, 0, .) = N{f, 0)^/2 {i27r)-Tis)Y^'^^ L{f, 0, s). 
Then conjecturally 

(21) A(/,0,s) = «;(/,0)A(/,0,A;-s), 

where w{f,(f)) is an algebraic number of complex absolute value 1, and is the contra- 
gredient representation of 0. There is one important case in which this result is known. 

Theorem 2.2. Let K he any finite Galois extension of Q with Galois group Gal(-ft'/Q) 
abelian. Let ip be an abelian character of K and define to be the induced character of 
Gal(Q/Q). Then A{f,(f),s) is entire and satisfies the functional equation (21). 
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Proof. Since K is an abelian extension of Q, the base change of / to K, which we denote 
by t^kH), exists as a cuspidal automorphic representation of GL2/K. The results of 
Jacquet-Langlands then establish the analytic continuation and functional equation for 
the automorphic L- function of ttkH'), twisted by the abelian character ip of K, which 
we view as a Hecke character of GLi/K. We denote this automorphic L-function by 
L{'n'K{f),'ip, s)- On the other hand, by the theory of base change, and the local Langlands 
correspondence for GL2, L{nK{f),ip,s) coincides with L{f,(f),s) defined by the Euler 
product (18). This completes the proof on noting that the functional equation (21) 
coincides with the automorphic functional equation. D 

The following conjectural generalisation of Theorem 2.1 is folklore. Given an Artin 
representation as in (17), define (i"'"(0) (resp. d~{(f))) to be the dimension of the subspaces 
of W on which complex conjugation acts like +1, (resp. as —1). If n is any integer, we 
write 

(22) rf+(0) = rf(-i)"(0), d~{<P) = rf(-i)""\0). 

Conjecture 2.3. For every Artin representation of Gal(Q/Q), and all integers n = 
1, . . . ,k — 1, we have 



(23) 



((27ri)"'^W X fi+(/)'^"W X fi_(/)'^"W) 



Of course, when has dimension 1, this conjecture is a well known consequence of 
the theory of higher weight modular symbols. However, as in [1], we shall study special 
cases of this conjecture by using the work of Shimura [23] on the special values of Rankin 
products of Hilbert modular forms for totally real number fields. Let K be an arbitrary 
totally real field, which is Galois over Q, with Gal(i^/Q) abelian. Take g to be any Hilbert 
modular form relative to K, which corresponds to an Artin representation 6 of dimension 
2 of GaA{Q/ K) . The form q has parallel weight 1 and level equal to the conductor of 6. 
We denote the Artin L-series of 6 by 

L(^,s) = ^c(a)(iVa)-^ 

a 

where o runs over all integral ideals of K. Further, let L{f /K, s) be the complex L- 
function attached to the restriction of the Galois representation (13) to Gal{Q/K), and 
write 

L{f/K,s) = J2K^)iNa)-% 

a 

for its corresponding Dirichlet series. Since we have assumed K to be an abelian extension 
of Q, the base change to K of our modular form / also exists as a primitive cusp form for 
the Hilbert modular group of K. We denote this base change by fx- It has parallel weight 
k, trivial character, and level dividing NOk, where Ok is the ring of integers of K. In 
what follows, we will be primarily interested in the complex L-series defined by the tensor 
product of the Artin representation 6 and the Galois representation (13) of / restricted 
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to Gal(Q/i^). We denote this L-series by L{fK, 0, s), and recall that it is defined by the 
Euler product 

L{fK,9,s) = l[R,{fK,e,{Nv)-T\ 
where v runs over all finite places of K, and 

(24) P,{fK,e,X) = det (l - Frob^^X | (Mp(/) ®q^ We)''') ; 

here We is a two dimensional Qp-vector space realizing 6, and /^ is the inertial subgroup 
of a place of Q above v. Of course, by the inductive property of L-functions, we also have 

(25) L{fK,e,s) = L{f,(f)g,s), 

where 0e is the Artin representation of Gal(Q/Q) induced from the representation 6 of 

Gal(Q/ir). 

On the other hand, the classical theory of Rankin products (see [25, §4]) considers 
instead the complex L-series V{fK,Q, s) defined by 

(26) ViJK, 0, s) = L^iij, 2s-k + l)xJ2 c(a)6(a)iV(o)-^ 

a 

with a running over all integral ideals of K; here n is the least common multiple of the 
levels of fx and g, ip is the character of g, and L„{iIj,s) is the imprimitive L-series of 
ip where the Euler factors at the primes dividing n have been omitted. A well-known 
classical argument shows that V{fK,Q,s) has the Euler product expansion 



(27) V{fK,Q,s) = l[D,{fK,g,{N^ 



v}-')-' 



where 

(28) DMk, 0, X) = det (1 - Frob^-^X | {M,{fY^ ®q^ <")) . 

Thus the complex L-functions L{fK, 9, s) and V^Jk, g, s) coincide, except for the possible 
finite set of Euler factors at places v for which 

(29) (Mp(/) ®Q^ WeY"" ^ {M.ifY^ ®q^ <") . 

To avoid this technical difficulty, we impose an additional simplifying hypothesis. 

Lemma 2.4. Assume that for each prime q such that q^ \ N , that q does not divide 
the conductor of the representation of Gal(Q/Q) induced from 9. Then for every prime 
number p, and every finite place v of K which does not lie above p, we have 

(30) (M,(/) ®Q^ We))'' = (Mp(/))^" ®Q^ {WeY^ 

where I^ denotes the inertial subgroup at v. In particular, T^lfx, 0, s) = L(f/^, 9, s). 
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Proof. Suppose that v lies above a prime q, where q ^ p- Assume first that {q,N) = 1. 
Then Ig, and hence also J„, acts trivially on Mp{f), and so (30) is plain. Suppose next that 
q divides N but g^ does not divide A^. Then it is well known that the image of Ig, hence 
also that of Jj,, in the automorphism group of Mp{f) is infinite, and that Mp^fY"^ has 
dimension one over Qp. Clearly the same assertions remain valid if we replace Iq by any 
open subgroup J^ of Iq. Thus we must have Mpi^fY'' = Mp{f)^^ for every open subgroup 
/^ of Iv Since some open subgroup of /^ acts trivially on Wg, (30) follows immediately. 
Finally, if g^ divides A^, the hypothesis of the lemma shows that I^ acts trivially on Wg, 
whence (30) is again clearly true. 

D 

Our next result relates the automorphic period of fx to the periods ^~^{f) and f2"(/). 
We normalize the Petersson inner product on the space of cusp forms of level dividing 
NOk for the Hilbert modular group of K as in [25] (see formula (2.7) on p. 651). 

Proposition 2.5. Let K he a real ahelian field, and write fx for the base change of f to 
K. Then 

, X (27ri)(i-'=)^7r^^(fi^,fx)x ^ 
31 ^ ^ ^' '' 7 G Q, 

(fi+(/) X fi-(/)f 
where /3 = [AT : Q]. 

We shall use the following notation in the proof of this proposition. If z^ is any abelian 
character of A', write A(//A', ■?/', s) for the primitive A-function attached to the tensor 
product of i\} with the restriction of (13) to Gal(Q/A'). Also, for any abelian character x 
of Q, we write xk for the restriction of x to Gal(Q/A'). 

Lemma 2.6. Let K he any real abelian extension ofQ and rj any abelian character ofQ. 
Then there exists an abelian character xofQas follows. For all a in Gal(Q/Q), we have 

(1) L{f/K, Xk. k/2) ^ and L^fjK, x'kVK, k/2) ^ 0; 

(2) L{f /K,Xkt^) {resp. L{f/K,XKVK,s)) has Euler factor equal to 1 at all places of 
K where Xk ("i^^sp. XkVk) is ramified. 

Proof. Let S be any finite set of primes of Q containing the primes dividing A^, the primes 
dividing the conductor of r/, and the primes which ramify in K. By an important theorem 
of Rohrlich [22], there exists a finite abelian extension M of Q, unramified outside S, such 
that L{f, A, k/2) ^ for every abelian character A of Q that is unramified outside S, and 
which does not factor through Gal(M/Q). By enlarging M if necessary, we can assume 
that M D K. Let A/x be the conductor of f/K, and Am/k the relative discriminant of 
M over K. Also, if C, is an abelian character of K, write J^{C) for its conductor. Let x 
be any abelian character of Q such that, for every prime f of A' above S, we have 

(32) ord^{J\f{xK)) > max{ord^(AM/x),ord^(A/'(?7)),ord^(Arx)}. 

Such a character can always be found by taking a character of Gal(Q(/im)/Q) for suffi- 
ciently large m. Let v be any place of K above S, and put 

t^ = max{ord^(AM/i^),ord^(A/'i^)}. 
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Thanks to (32), it is clear, that for each a in Gal(Q/Q), we have 

(33) Old,{U{XK)) = Old,{U{XKV)) > tv. 

In particular, none of these characters can factor through Gal(M/i^). Moreover, it is also 
easily seen from (33) that 

{MM ®Q^ XkY'' = {M,if) ®Q, XkvY" = 0, 
whence the final assertion of the lemma is clear. D 

We now prove that the left hand side of (31) is an algebraic number. Take J = K{i), 
and let rj be any abelian character of Q such that J is the fixed field of the kernel of rjK- 
Now let X be an abelian character of Q having the properties specified in Lemma 2.6, and 
write xj for the restriction of x to Gal(Q/J). Note that the representation of Gal(Q/-ft') 
induced by xj is ^ = Xk © XkVk- Write q for the Hilbert modular form relative to K 
which corresponds to 6. Thus g has parallel weight one, and character 'tjkx'k- Moreover, 
by the second assertion of Lemma 2.5, we have the exact equality of L-functions 

(34) V{fK,Q,s) = L{f/K,e,s). 

On the other hand, since K is abelian over Q, we also have the identity 

(35) L{f/K, e,s) = l[ L{f, xCv s)L{f, xvQ, s), 

i=i 
where Ci, • • • , denote the characters of Gal(-ft'/Q). 

The desired algebraicity assertion follows by evaluating both sides of (35) at s = k/2, 
noting that this common value is non-zero by Lemma 2.6, and then applying Shimura's 
algebraicity results to each L-function. Indeed, Theorem 4.2 of [25] shows that 

^ ' {2my7iP>^{fK,fK)rK{VKxl)^' 

where TKijjKXji) denotes the Gauss sum for the character tjkx'k of Gal(Q/-ft') (see (3.9) 
of [25] for the definition of this Gauss sum). On the other hand, recalling that xO(~l) 7^ 
xCjf]{—^) for j = 1, . . . , /3, it follows from [24, Theorem 1] that 

flL{f,xCvk/2)xL{f,xvCvk/2) 
(37) — - ^- 



{2mr^ X {n4m4f)r x n TQixQrQixvQ] 



here tq{k) denotes the usual Gauss sum of an abelian character k, of Q. Combining 
(36)and (37), it follows immediately that the left hand side of (31) is an algebraic number. 
Moreover, a more detailed analysis, exactly as in the proof of [1, Theorem 3.4] shows that 
this algebraic number is invariant under the action of Gal(Q/Q), completing the proof of 
Proposition 2.5. D 
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As a first application of Proposition 2.5, we establish the following case of Conjecture 
2.3. 

Theorem 2.7. Assume F is an imaginary number field with Gal(-F/Q) abelian. Let ip 
be any abelian character of Gal{Q/F), and let be the induced character ci/Gal(Q/Q). 
Assume that, for every prime q such that q^ divides N , q does not divide the conductor 
of (j). Then Conjecture 2. 3 is valid for f and 0. 

Proof. Let K be the maximal real subfield of F, and let 9 be the representation of 
Gal(Q/i^) induced from ip. Thus ^ is a two dimensional Artin representation of Gal(Q/i^), 
and we let Q be the associated Hilbert modular form as above. Then, by Lemma 30, 

(38) P(fx, 0, s) = L{fK, e, s) = L{f, 0, s). 

But, assuming n is an integer with 1 < n < A; — 1, it is shown in [25, (4.10)] that 

Now making use of Lemma 2.6, and noting that 

d{<p) = 2/3, rf+(0) = <;(0) = (3, 

the algebraicity statement (23) follows on putting s = n in (38). This completes the proof 
of Theorem 2.7. D 

Again following the ideas of [1], we now prove a refined version of Conjecture 2.3 for 
Artin representations which factor through the Galois group over Q of the field 

(40) Fr = Q{fipr,m'/P''y, 

here p is an odd prime number, r > 1 is an integer, yU^r is the group of p^-th roots of unity, 
and m is an integer > 1. For simplicity, we shall always assume that m is not divisible by 
the p-th power of an integer > 1. In order to state the refinement of (23), we first recall 
the epsilon-factors of the Artin representation (for a fuller discussion, see [5, §6.2]). Fix 
the Haar measure n on Qp determined by /u(Zp) = 1, and the additive character a of Qp 
given by 

a{zp-') = e^'^^'^P", ior z e Zp. 

Write ep(0) for the local epsilon-factor of at the prime p, which is uniquely determined 
by this choice of n and a. For each integer n = 1, . . . , /c — 1, define 

/^^N L*(f(hn) = i:(/,0,n)ep(0) 

^ ' ^'^ ' ' ((27r^)"'^W xf]+(/)'^"W X |fi_(/)|'^"W) 

Hypothesis H2: For all primes q such that g^ divides N, we have {q,mp) = 1. 

Theorem 2.8. Assume that the Artin representation factors through Gal(Fr/Q) for 
some integer r > 1, where F.^. is given by (40). Suppose in addition that Hypotheses HI 
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and H2 are valid. Then A(/, 0, s) is entire, and satisfies the functional equation (21). 
Moreover, for all integers n = 1, . . . , A; — 1, L*(/, 0, n) is an algebraic number satisfying 

(42) L;{f,<P,nr = L;{f,r,n) 

for all a in 



Proof. As remarked above, the proof we now give follows closely that given in [1], where 
/ was assumed to have weight k = 2, and therefore corresponded to an isogeny class of 
elliptic curves defined over Q. For each integer r > 1, define /C^ = Qil^p^-) and write Kr for 
its maximal real subfield. Note that Gal{Fr/ICr) is cyclic of order p**, since m is assumed 
to be j9-power free. Put 

(43) ^oo = U Fr, IC^ = [jlCr, G = Gal(F„o/Q). 

r>l r>l 

For this proof, define p to be the representation of Gal(Fj,/Q) induced by any character 
of exact order p^ of Gal{Fr/}Cr). It is then easy to see that p is irreducible, and that 
every irreducible Artin representation of G is of the form A or pX for some integer 
r > 1, where A is a one dimensional character of Gal(/Coo/Q). For the proof of Theorem 
2.8, we may assume that is irreducible. Now it is clear from these remarks that every 
irreducible Artin representation of G is induced from an abelian character of /C^ for 
some integer r > 1. Thus Theorem 2.2 implies that A(/, 0, s) is entire and satisfies the 
functional equation (21). Also, noting that -Foo/Q is unramified outside of the primes 
dividing mp, we conclude from Theorem 2.7 that L*{f,(f),n) is an algebraic number for 
all Artin characters of G and all integers n = 1, . . . ,k — 1. Thus it remains to establish 
(42) for irreducible 0. 

If d{(f)) = 1, one can easily deduce (42) from [23, Theorem 1]. Assuming d{(f)) > 1, it 
follows that for some integer r > 1, is induced by an abelian character of /C^ of the form 
i^^iCrJ where -0 is a character of Ga.l{Fr/JCr) of exact order p^, and A^c^ is the restriction 
to Gal(Q//Cr) of a one dimensional character A of Gal(/Coo/Q)- We define 6 to be the 
two dimensional Artin representation of Gal{Q/ Kr) induced by ipXiCr^ ^.nd take g to be 
the corresponding Hilbert modular form relative to Kr of parallel weight one. Let z/ be 
the abelian character of Kr defining the quadratic extension }Cr/Kr, and let Xxr be the 
restriction of A to Gal{Q/ Kr) ■ Since the determinant of 6 is equal to z/A^ , q will have 
character vX^^- Moreover, noting that Hypothesis H2 is valid for f and because the 
conductor of can only be divisible by primes dividing mp, we conclude from Lemma 2.4 
that 

(44) V{Ur, 0, s) = L{fK^, 9, s) = L{f, 0, s). 

Taking s = n with 1 < n < A; — 1, it then follows from [25, Theorem 4.2] that 

(A^\ A(f rh \ = L{f,(t),n) 

^ ' ^■'' ^' ' • (27r2)<^('^)(i+2n-fe)/2 X vrM<^)/2 x (f^, f^)^^ X tkX^XI;) 

satisfies 

^(/,0,n)'^ = ^(/,0^n) 
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for all (7 in Gal(Q/Q); here tk^^uXJ^^) is the Gauss sum of the abelian character I'Xx^ of 
Kr, as defined by [25, (3.9)]. Noting that 

rf(0) = 2[Kr : Q], d+{<j)) = d'{(t>) = [Kr ■■ Q], 

we conclude easily from (31) and [1, Proposition 4.5] that the last assertion of Theorem 
2.8 will hold if and only if 

(46) ( n ''^^A = n ^^(<^'^)' 

for all a in Gal(Q/Q). But (46) is an immediate consequence of the fact that p can be 
realized over Q, and the equation 

6,(0) = e,(A)'^"^(^)sgn(det(p)(g^^(^))), 

which holds for all q j^ p, since A is unramified at q; here eq{p) = ordg(A/'(p)), with Af{p) 
denoting the conductor of p. This completes the proof. D 

3. Interlude on root numbers 

Recall that F = Q{pp,m^^P). From now on, write p for the unique irreducible repre- 
sentation of Gal(F/Q) of dimension p — 1; it is induced from any non-trivial character of 
Gal(F//C). We now describe the local root numbers 

■Wq{f,P) - 



k,(/,p)| 

and the corresponding global root number w{f,p) under the hypothesis H2 above. This 
global root number is the sign in the functional equation of the twisted L-function 
L{f,p,s). A similar computation in weight 2, i.e., for elliptic curves, was carried out 
by V. Dokchitser [6]. 

Theorem 3.1. Let f = Yln^n^"^^^^^ be a primitive cusp form of conductor N with trivial 
character, and weight k > 2. Assume that for all primes q such that q^\N , we have 
{q,mp) = 1. Then, for every finite prime q, the local root number Wq{f,p) is given by 

"^qUtP) = "^qipY ^ \ — sgnop if q = p, ordp{N) = 1 and mP^^ = 1 mod p^, 

1 otherwise. 



Further, the global root number is given by 

'q\ordg(N) 

yp) 

t]pm 

where 6 = — sgn ap when both ordp(A^) = 1 and m^~^ = 1 mod p^ , and 1 otherwise. 



w{f,p) = {-iy-^6 n(-} 
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Proof. Let / be any prime distinct from q, and as before, let VJ be the /-adic Galois 
representation attached to /. Put niV) = ordg(A^), and let n(p) be such that g"*^^^ is 
the g-part of the conductor of p. We note that the determinant detp of p equals (-), 
the non-trivial quadratic character of Gal{Q{pp)/Q). Recall that the inverse local Euler 
factors of L(/, s) are 

r 1 - GgT + q'^-'T^ if {q,N) = l, 
P,if,T) = { l-a,T if ord,(iV) = l, 

[ 1 if ordg(iV) > 2. 

The local root numbers Wq{f,p) can be computed as follows:- 

Case 1 {{q,N) = 1): In this case Vi is unramified, and we can use the unramified twist 

formula [26, 3.4.6], 

w,{f,p) = Wqipf"'""' ■ sgn((det\4)(g"(^))). 
Here sgnz = A for z G C, and we evaluate the one- dimensional character detl^ on 
a number g"*^'^^ G Q^ via the local reciprocity map. The second term is trivial since 
detVi is a power of a cyclotomic character which takes positive values on Q^ . Thus 
Wg{f,p) = Wq{pY, as asserted. 

Case 2 (ordg(iV) = 1): Here a^ ^ 0,dimV; '' = 1, the action of inertia Iq is unipotent 
(q*), and the action of Frobenius is {^^ ^-1*^/2), where k is the weight of /; the top left 
corner can be seen e.g. from the local factor. Write {Vi ® py^ for the semi-simplification 
of Vi ® p. Writing r = Frob^, the semi-simplification formula for e-factors [26, 4.2.4] gives 

„,, If ^\ _ „,, lly, (C, ^\ss\ sgn dcti-r\(iVi® pyyi) 

Wq[LP) - Wq[[Vl(^p) ) sgndet(-r|(y,M^^^ 

— o„ l^a^ ^^ sgndet(-agT|p^'^)sgndct(-a~V'/^r|p^■^) 

- Wq{p^p} sgndct(-a,r|p'«) 

= sgndet(— agr|p-^«)^^ 

= tfg(p)^sgn(— ag)'*«sgndet(r|p-'^«)^-'^; 

here dq denotes the dimension of p^' . It remains to determine p^'' and the action of Frobe- 
nius on it. Let J = Q{m^^P). There is an equality of L-functions 

Cj{s)=as)L{p,s). 

By considering the ramification of q in J/Q and comparing the local factors at q, we find 
that 



PMT) 




;^)TP-i if q]pm, 



if q\m, 

if p = q and m is a pth power in Z^ , 

if p = q and m is not a pth power in Z^ . 



In particular, dq is even (and so sgn(— ag)'^« = 1) in all but the third case, and det(r|p^'' 
1 in all but the first case; in the first case, 



detWp")^detWp)^m^(^)"^""' 
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as asserted by the formula. Finally, ii p \ m, then it is easy to see by Hensel's lemma 
that m is a pth power in Z^ if and only if it is a pth power in (Z/p^Z)^, which is in turn 
equivalent to the condition m^^^ = 1 mod p"^. 

Case 3 (ordg(A^) > 2): By assumption, q\'mp, so p is unramified. Then Wq{p) = 1, and 
by the unramified twist formula 

w,{f,p) = w,{Vif^"^^ ■ sgn((detp)(g"W)) = (±l)P-i(p«W = (J)"W, 

as claimed. 

Turning to the global root number, we have 



w 



{f,p) = n^^(.^'^)' 



the product being taken over all places v of Q. As p is self-dual, 

l[w,{p)' = w{pf = l, 

V 

p— 1 

and the remaining contribution from the real place is (— 1)^~ (see e.g. [6]). This completes 
the proof. D 

Example 3.2. We compute the global root numbers w{f,p) when p = 3 and / is one of 
the primitive cusp forms with {N,k) = (5,4), (5,6), (7,4) or (121,4) that we will use in 
§6 to illustrate the congruences. In these cases, the answer does not actually depend on 
the weight. 

• If / has level 5, then 5 = 1 as (3, A^) = 1, whence 



u>(/,p) = (-i)¥.i.|(i) 'f (5''") = i -I' '" (5-'") = i 



5^ 

if ord5(m) > 1 1 —1 if ord5(m) > 1. 



• Similarly, if / has level 7, then (|) = —1 is replaced by (|) = +1 and we get 
w{f,p) = —1 for every m. (cf. also [6, §7.1], first example). 

• Finally, if / has level 121, then (|) is replaced by (:y-)oi'dii(i2i) _ _|_-|^^ ^^^ ^^ again 
get w{f,p) = —1 for every m. 

The congruence that we verify involves the twists of / by p and by the regular represen- 
tation (7 of Gal(A'/Q) = (Z/pZ)^. It easy to check that the root numbers Wq{f,a) and 
w{f, a) are given by the formula in Theorem 3.1 with m = 1. When p \ N the formula 
becomes 

^/,a)=(-i)^n(D =^-^^^\-^y 

q\N ^ ^ 

In particular, for p = 3 the global root number w(/, o") is +1 for the form of level 5, and 
— 1 for the forms of level 7 and 121. 
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4. An analogue of a result of Hachimori-Matsuno 

The aim of this section is to estabhsh an analogue for our primitive cusp form / of 
results of Hachimori-Matsuno [10] for elliptic curves, over the fields 

(47) /Coo = Q(/ip=o), F'^y^ = Q(/ipoc,mi/P), 

where again m is an integer > 1 which is p-power free. Such a result has already been 
established in [20], but we wish to give a slightly more explicit result in order to explain 
its connexion with the congruence (5). Write Xp fo'^ the character giving the action of 
Gal(Q/Q) on /ipoo. As usual, for each n G Z, write 'Lp{n) for the free Zp-module of rank one 
on which Gal(Q/Q) acts via Xp- If W is any Gal(Q/Q)-module, which is also a Zp-module, 
define W{n) = W ^ip '^p{n), endowed with the natural diagonal action of Gal(Q/Q). 

Let Vp be the underlying Qp-vector space of the Galois representation Tp attached to /. 
Fix once and for all a Zp-lattice Tp in Vp, which is stable under the action of Gal(Q/Q). 
We stress that we always view Vp as the cohomology group, not the homology group of 
the motive M{f). We assume from now on that p and / satisfy:- 

Hypothesis H3: The odd prime p is good ordinary for /, i.e., p is an odd prime such 

that {p, N) = {p, ap) = 1. 

As p is a good ordinary prime, it is shown in [17] that there exists a one dimensional 
subspace V^ of Vp such that the inertial subgroup of Gal(Qp/Qp) acts on Vp/V^ by x],~^ ■ 
Hence if we define 

(48) Apo.=Vp{k-l)/Tp{k-l), 

and define A^^ to be the image of V^{k — 1) in Ap.^, then Apoo /A^^ is unramified at p. 
For each finite extension J-" of Q, define J^'^^'^ to be the cyclotomic Zp-extension of J-", i.e., 
the compositum of J-" with the cyclotomic Zp-extension of Q. We follow Greenberg and 
define the Selmer group of Apoo over J^'^^'^ by 
(49) 

^e\{A^,o./m = Ker I /Jl(^'=y^Apo.) ^ \{H\rj\A^po.) x \{H\rj\ Ap^ / Al^) 

\ w\p w\p 

where w runs over all finite places of J-'^^^, and T^'^ denotes the union of the completions 
at w of the finite extensions of Q contained in J^^^^. Write 

(50) X{Apoo/J^^^^) = Hom(Sel(Apoc/jr'=y'=), Qp/Zp) 

for the compact Pontryagin dual of '&e\{Apoo / J^'^^'^) . Assuming J-" is Galois over Q, both 
Sel(Apoo/J^'^y'^) and X{Apoo/ J^'^^'^) are endowed with canonical left actions of Gal(J-'^y^' 
and these extend by continuity to left module structures over the Iwasawa algebra 

A(Gal(J^"y7Q)) = limZp[Gal(M/Q)], 
where M runs over the finite Galois extensions of Q contained in J^'^^'^. 
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We shall need the following fundamental result of Kato (see [13]). Note that for fC 
QiUp), we have /C^^^ = 



Theorem 4.1. Assume Hypothesis H3. Then X{Apoo /JC^^'^) is a torsion A(Gal(/C'^y'^ 
module. 

Theorem 4.1 implies that the quotient 

(51) X(Apoo//C^y^)/(X(Apoo//C=>-=)(p)) 

is a finitely generated Zp-module, where X{Apoo/IC'^y'^){p) denotes the j9-primary submod- 
ule. Define X{f/F'^^'^) to be the Zp-rank of (51). We shall also need to consider the Euler 
factors of the complex L-function L(///C, s) at places v with {v, Np) = 1. Let q^ denote 
the characteristic of the residue field of v, and write g^" for the absolute norm of v. Then 
these Euler factors are given explicitly by 

(52) P.(///C,X) = det(l - Frob.-^X | V;) = 1 - KX + ql^^^-^^X^ 



where Frob^, = Frob^^, and 6„ G Z. Since g^" = 1 modp, it is clear that for all integers n, 
we have 

(53) P.(///C, q-'^^) = 2-K modp, 

when both sides are viewed as elements of Zp. In particular the question whether or not 
the left hand side lies in pZp is independent of n. Define V2 to be the set of all places w 
of IC^^^ such that, writing v = w \ )C, we have 

(54) V2 = {ui : (g„, Np) = 1, q^ \ m, and ordp(2 — by) > 0}. 

Similarly, suppose f is a place of /C, with residue characteristic qv 7^ P and ord^^A^ = 1. 
Then the Euler factor P^(///C,X) is given explicitly by 

(55) Pvif/JC, X) = det(l - Frob^^X | \//-) = 1 - b^X, 
where b^ = a^^, with ql" again being the absolute norm of v. Note again that 

n(///C,g/"") = l-6,modp 

for all integers n. Also, since a^^ = q^~^ and g^"" = 1 modp, we always have bf, = 1 modp. 
Define Vi to be the set of all places w of IC'^^'^ such that, writing v = w \ K,, we have 

(56) Vi = {w : ordq^N = 1, qv \ rn and by = 1 mod p} 

To establish an analogue for / of the theorem of Hachimori-Matsuno, we shall need the 
following additional hypothesis. 

Hypothesis H4: X {Apoo / K,'^^'^) is a finitely generated Zp-module. 

Recall that /C^^^ = Q(/ipoo) and T^'^'' = Q{i2po.,m^/P). 
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Theorem 4.2. Assume Hypotheses H2, H3 and H4- Then X {Apoo / F"^^"^) is also a finitely 
generated Zp-module and 

(57) X{f/F^n = pX{f/IC^n + 5^ 2(p - 1) + 5^ (p - 1). 

Proof. Put A = Gal(F//C) = GaliF^yyiC^"). If B is any A-module, we recall that the 
Herbrand quotient h/s^{B) is defined by 



whenever the cohomology groups are both finite. 

Entirely similar arguments to those given for elliptic curves in [10] show that, under 
the hypotheses H2, H3 and H4, X{Apool F'^^'^) is indeed a finitely generated Zp-module, 
and we have 

(58) Kf/F'n = vKfl^^n + (P - l)ordp(/iA(Sel(Apoo/F^y^)) 

where h/\{Ap^ / F^^^) is finite. 

Let S denote the set of primes of IC^^'^ lying above the rational primes dividing Nmp. 
As in [10, §4], well-known arguments from Galois cohomology show that 

(59) /iA(Sel(Ap^/F^^^)) = n ^^ ( n ^'i^u'", Cu 

weS \u\w 

where u runs over the places of F'^^^ above w, and 

(60) Cw = Apoo, or Apoo/Apoo 

according as w does not or does lie above p. Moreover, since a prime w of /C^^^ either splits 
completely or has a unique prime above it in F'^^'^, it is clear that the right hand side of 
(59) simplifies to a product of the hA{H^{Fl^^'^,Cw)), where w now runs over the primes 
in S which do not split completely in F'^^'^. Assume from now on that w is a prime of JC^^*^ 
which does not split in F^^^. In particular, this means that the residue characteristic g^ 
of w must divide pm. Since F^^'^ and /C^'^ contain /Xpoo, their absolute Galois groups have 
p-cohomological dimension at most 1. As A is cyclic of order p, it then follows easily from 
the Hochschild-Serre spectral sequence that 

(61) H\A, H\f:^\ C^)) ^ H\A, C^iF^y^)), 

where C^F^n = H\F^y',C^). 

Lemma 4.3. Assume there is a unique prime u of F^'^^ above p, and put w = u \ /C^^^. 
Then we have 

hA{H\F:y^,C^)) = l. 
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Proof. Since C^ is unramified, and F^^^ is a totally ramified extension of Qp, we have 

CUF^n = i/°(Gal(Fp/Fp),C^). 

But Frobp acts on C^ by multiplication by the p-adic unit root of 1 — apX + p^~^X^. 
However, this unit root cannot be equal to 1 as it has complex absolute value p*-^"^)/^. 
Hence Cw{F'^'^) must be finite, and thus has Herbrand quotient equal to 1. D 

Write qw for the residue characteristic of w. 

Lemma 4.4. Assume that w is a prime of IC^^'^ such that (g^, Np) = 1, and q^ divides m. 
Then there is a unique prime u of F'^^'^ above w, and h^{H^{F:^^^,Cyj)) = p~^ if w E V2, 
and h^{H\F^y\C^)) = 1 otherwise. 

Proof. The first assertion of the lemma is clear since w must ramify in F^^^ because g^ 
divides m. As (g^, Np) = 1, we know that the inertial subgroup I^ of the absolute Galois 
group of Qq^ acts trivially on Vp. We claim that /^ also acts trivially on C^ = Apoo. 
Indeed, we have an exact sequence of Galois modules 

^ Tp ^ \/p ^ C^ -> 0, 

whence one obtains the long exact sequence 

(62) o^Tp^Vp^Ct ^ H\l^,Tp) -^ H\l^,Vp). 

As the inertial action is trivial on Tp and Vp, and q^ 7^ p, we see that 

H^{I^,Tp) = Hom(J^,Tp), H^{I^,Vp) = Hom(J^,\/p), 

where J^ is the Galois group of the unique tamely ramified Zp-extension of /C^^^. Thus 
the last map in (62) is injective, and so C^ = Cw as claimed. 

Let V be the restriction of w to /C. We next show that C^iJC^) 7^ if and only if t> G V2- 
Since C^ is unramified, we have the commutative diagram with exact rows 

> Tp > Vp > C^ > 



Sv 



&v 



&v 



> Tp > Vp > Co, > 

where S^ is the map given by applying Frob^ — 1. The characteristic polynomial of Frob^, 
acting on Vp is X^Py{f /}C,X^^). The roots of this polynomial have complex absolute 

value ql" ~ , and thus are distinct from 1. Hence the middle vertical map in the above 
diagram is an isomorphism. It follows from the snake lemma that 6*^(7^^) has order equal 
to the cokernel of the left hand vertical map, which is equal to the exact power of p 
dividing P^(///C,l). But 

P^if/JC, 1) = 1 - 6, + ql^^'^-'^ = {2- K) modp, 

showing that Cw{Ky) 7^ if and only if w E V2. 

Our next claim is that C^ = Cu,{K,^^^) if and only if C^(/C^) ^ 0. As Ga[{lCZl^v) is 
pro-j9, Nakayama's lemma shows that CyjiJC^) = implies that C^(/C^'^) = 0. Conversely, 
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assume that Cw{}Cv) 7^ 0. We then assert that the extension JC^^Cw) is a pio-p extension 
of /C^. To prove this, let {Cu,)p be the kernel of multiplication by p on C^. It is easily seen 
that the extension /C^(C^)//C^((C^)p) is pro-p. On the other hand, choosing an Fp-basis 
of (C«,)p in which the first element belongs to C^(/Ci,), and noting that the determinant 
of {Cw)p is trivial because it is equal to uj^^^''~^\ where to is the cyclotomic character mod 
p, it follows that the extension /C„((Cw)p)//Ct, is a p-extension. Thus )Cv{Cw) is a pro-p 
extension of /C^,, and it is unramified as inertia acts trivially on C^. Hence we must have 

It is now clear from (60) that h/^{H^{F^^^, C^)) = if u; ^ P2, and h^{H^{F^^^, CJ)) = 
p~'^ ii w &V2- This completes the proof of the lemma. D 

Lemma 4.5. Assume that w is a prime of K,^^^ such that ordq^N = 1 and q^ divides m. 
Then there is a unique prime u of F^^^ above w, and h/^{H^{F^^,Cw)) = p~^ if w E Vi, 
and h^{H\F^y\C^)) = 1 otherwise. 

Proof. The first assertion is clear, since w must ramify in F^^^, because g„ divides m. 
Again, let v be the restriction of w to /C. Since ordg^iV = 1, we have 

p,{f/ic,x) = i-KX 

where we recall that 6^ = 1 modp. Let Wp be the subspace Vp'' oiVp, so that Gal(Qg^/Fj,) 
acts on Wp via the unramified character 77 with ?7(Frob„) = b^- Choosing a basis of Vp with 
the first basis element being a basis of Wp, the representation of Gal(Qq„/F^) on Vp must 

be of the form j ' . J , where A is a character of Gal(Qq^/F^). As the determinant of Vp 

is the cyclotomic character to the power {k — 1), we conclude that A is also unramified. 
Moreover, the image of the restriction of this representation to Gal(Qg„//C^'') is infinite, 
where /C°'' is the maximal unramified extension of /Cj,. Since 77 takes values in Z^ , it is clear 
that the restriction of rj to Gal(/C^Y^S^'^) is the trivial character if and only ii w E Vi. 
Similarly, writing v' for the restriction of u to F, and recalling that F^i /K^ is totally 
ramified, it follows that the restriction of rj to Gal(F^''/F^^'^) is the trivial character if and 
only if w G Pi. One concludes easily that, if w ^ Pi, then Cw{F^^) must be finite, and 
if w G Pi, then the divisible subgroup of Cw{F!^^) has Zp-corank L In view of (60), the 
assertion of the lemma is now clear. 

D 

Combining (58), (59), and Lemmas 3.3, 3.4 and 3.5, the proof of Theorem 4.2 is now 
complete. D 

5. The congruence from non-commutative Iwasawa theory 

As before, let 

(63) F = Q(/ip,mi/P), /C = Q(^p) 

where p is an odd prime, and m > 1 is an integer which is not divisible by the p-th power of 
an integer > 1. Assume throughout this section that Hypotheses HI, H2, and H3 are valid. 
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Let be an Artin representation of Gal(-Foo/Q). For each integer n = 1, . . . , A; — 1, we 
recall that L*{f,(f),n) is defined by (41). By Theorem 2.8, we know that L*{f,(j),n) is an 
algebraic number. Very roughly speaking, the non-commutative p-adic L-function seeks to 
interpolate the numbers L*{f, 0, n), as 0, and n both vary. While there has been important 
recent progress on the study of these non-commutative p-adic L-functions for the Tate 
motive over totally real number fields (see [12], [21]), very little is still known about their 
existence for other motives, including the motive attached to our modular form /. In 
the present paper, we shall only discuss what is perhaps the simplest congruence between 
abelian p-adic L-functions, which would follow from the existence of a non-commutative 
p-adic L-function for the motive of / over the field F^q. A specialization of this congruence 
for elliptic curves has been studied in the earlier paper [5]. 

To state this congruence, we must first make a canonical modification of the values 
L*(/, 0, n), given by (41) following [2], [8]. Recall that since {p,apN) = 1, the Euler 
factor 

can be written as 

(64) Pp(/,X) = (1-«X)(1-/3X), 

where a is a unit in Zp, and ordp(/3) = k — 1. We shall also need the Euler factors of the 
complex L-series L(0, s) of the Artin representation 0, which are defined by 

(65) Pg(0, X) = det (1 - Frob^^X | M,(0)^') 

where / is any prime distinct from q. As before, let (i(0) be the dimension of 0. Moreover, 
writing A/'(0) for the conductor of 0, define 

(66) ep(0) = ordp(Ar(0)). 

Recall that Pg(/, 0, X) defined by (17) is the Euler factor at the prime q of the complex 
L-function L{f, 0, s). Recall also that, for n = 1, ... A; — 1, 

L(/,0,n)ep(0) 



(67) L*(f,(l),n) = - 

^ ((27ri)"'='W x(]+(/)^"W X |fi_(/)|'^nW) 

We then define 

(68) M,{f,<P,n) = r(n)'^W x L;(/,0,n) x Pp(/,0,p-") x ^p^^^^/p-f "" (p""V«)^''^^\ 
and 

(69) Cp{f,<P,n) = M,{f,<P,n) J] n(/,0,r"), 

where q runs over the prime factors of m distinct from p. It is these modified L-values, 
defined using the naive periods fi+(/) and Q_{f), which we shall actually compute in a 
number of numerical examples. 
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Secondly, in order to obtain p-adic L-functions which will in the end satisfy the main 
conjectures of Iwasawa theory, we may also have to adjust the naive periods fi'^(/) and 
r2~(/) by certain non-zero rational numbers. Writing r2^'^(/) and r2'J^"(/) for these canon- 
ical periods, we will have 

(70) QTif) = c+(/)fi+(/), Q^_^^^if) = c_(/)fi_(/) 

for certain non-zero rational numbers c_|_(/) and c^{f). It is then natural to define 

(71) Cl^'^ifA^n) = c+(/)-'^"(^)c_(/)-'^"(^)£,(/,0,n). 

It is these modified values Cp^^{f,(j),n) which should satisfy the non-abelian congruences 
for the p-adic L-functions arising in the main conjectures. However, in our present state 
of knowledge, we do not know in general how to determine c+(/) and c_(/) precisely. 
Nevertheless, as we shall now explain, the work of Manin on the p-adic L-function of / 
for the extension /Coo/Q provides some partial information on this question. 

Theorem 5.1. Let a be the sum of the irreducible characters o/Gal(/Ci/Q), where /Ci = 
). // L{f, a, k/2) = 0, then Cl^^{f, a, n) belongs to pZp for n = 1, . . . ,k — 1. 



Proof. Let Xp be the character giving the action of Gal(Q/Q) on fipoo. Fix a topological 
generator 7 of Gal(/C'^^'^/i^i) and put u = Xpil)- The work of Manin then shows [16] that 
there exists a power series g(T) in Zp[[T]] such that 

(72) ^K-l) = M-"(/,a,A;/2 + r), 

for all integers r with —k/2 + 1 < r < k/2 — 1, and where 

M;-(/,a,n) = (c+(/)c„(/))(i-^)/2M,(/,a,n). 

Here it is understood that the canonical periods are those for which we expect g{T) to 
be a characteristic power series for the dual Selmer group of / over /Cqo- Assuming that 
L{f, a, k/2) = 0, it follows that 

^(0) = 0, 

and so 5'(m" — 1) G pTjp for all integers n. The assertion of the theorem then follows on 
noting that 

n n(/>^>?"") 

qy^p,q\m 

lies in Zp for all n G Z. This completes the proof. D 

Example 5.2. Take / to be the unique primitive eigenform of level 7 and weight 4, and 
p = 3. Then L{f, a, 2) = 0. Moreover, we see from Table II in §6 that C^if, cr, 1) G 3Z3. In 
view of Theorem 5.1, this strongly suggests that in this case, we must have ord3(c+(/)) = 
ord3(c4/)) = 0. 
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Example 5.3. Take / to be the complex multiplication form of level 121 and weight 4, 
which is attached to the cube of the Grossencharacter of the elliptic curve over E over 
Q given by the equation (79), of conductor 121 and with complex multiplication by the 
full ring of integers of the field L = Q(^— 11), and again take p = 3. Then L{f, a, 2) = 0. 
However, we see from Table III in §6 that C^lf, a, 1) is a 3-adic unit when m = 3, 7 or 11. 
Hence the naive periods fi~^{f) and fi~{f) cannot be the good periods, and at least one 
of ord3(c-|-(/)) or ord3(c_(/)) must be strictly less than zero. In fact, in this case we do 
know the canonical periods for /, since, for all good ordinary primes p for /, we know the 
periods for which the relevant cyclotomic main conjecture for / over K,'^'^'^ is valid. This is 
because this cyclotomic main conjecture can easily be deduced from the main conjecture 
for E over the field obtained by adjoining to L the coordinates of all p-power division 
points on E; and this latter main conjecture is proven for all good ordinary primes p for 
E by the work of Yager and Rubin. Invoking the Chowla-Selberg formula, we see easily 
that the explicit values of these canonical periods can be taken as follows. Let 

e = r(i/ii)r(3/ii)r(4/ii)r(5/ii)r(9/ii). 

Then 

(73) ^Tif) = v^ X eV(27^)^ n'^'^if) = tey{27rf. 

Direct computations show that 

(74) fi+(/)/fi--(/) = 1/22, f]_(/)/f]-"(/) = 3, 
whence 

(75) ord3(c+(/)) = 0, ord3(c_(/)) = -1, 

precisely as required. 

As in the Introduction, let a be the Artin representation of dimension {p — 1) given by 
the direct sum of the one dimensional characters of Gal(/C/Q). Define p to be the repre- 
sentation of Gal(F/Q) induced from any non-trivial degree one character of Gal(F//C). 
Thus p also has dimension (p — 1), and is easily seen to be irreducible (cf. [5]). Moreover, 
both a and p are self-dual, can be realized over Z, and their reductions modulo p are iso- 
morphic. Let R = Zp[[T]] be the ring of formal power series in an indeterminate T with 
coefficients in Zp. As explained in the Introduction, the work of Manin [16] establishes 
the existence of a power series H{(t, T) in R satisfying the interpolation property (2) It 
is conjectured that there exists a power series H{p,T) in R satisfying the interpolation 
condition (3). 

Conjecture 5.4. (Congruence Conjecture). Assume Hypotheses HI, H2, H3. Then there 
exists a power series H{p,T) in R satisfying the interpolation property (3), and we have 
the congruence of power series 

(76) H{p,T) = H{a,T) mod pR. 
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We are grateful to M. Kakde for pointing out to us that the congruence (76) is simply 
a special case of the congruences predicted by Kato in [13], and we now briefly explain 
why this is the case. Assume for simplicity that Hypothesis H4 is also valid. Recall that 
G denotes the Galois group of F^ over Q, and write A(G') for the Iwasawa algebra of G, 
S for the canonical Ore set in A(G), which is defined in [2], and h.{G)s for its localization 
at S. In addition, define ©o = Gal(/Coo/Q)j and for each integer n > 1, let 0^ be the 
unique closed subgroup of index p"^^ in Gal(Q'^^'^/Q). Write Sn for the canonical Ore set 
of [2] in the Iwasawa algebra A(0„). In [13], Kato defines a canonical map 



Ocs ■■ K,{A{G)s) ^ llMA{(3 



n)S„ 
n>0 

and characterizes its image by a remarkable set of congruences which we do not state in 
detail here. In particular, writing 9g,s{(^) = (c^n) for any element a of Ki{A{G)s), we 
always have 

(77) N{ao) = ttimodp, 

where N denotes the norm map from i^i(A(C5o)5o) ^'^ -^1(^(^1)51)- Now take a to be 
the conjectural p-adic L-function for / over F^q, which we denote by C(//-^oo)- Let us 
also identify A(C5i) with the formal power series ring R = Zp[[T]] by mapping the fixed 
topological generator 7 of 0i to 1 + T. Then it follows essentially from the construction 
of the map 6g,s and the interpolation properties of these p-adic L-functions that we will 
have 

A^(C(//i^oo)o) = H{a,T), C(//Foo)i = H{p,T). 
Thus the congruence (76) is indeed just a special case of the congruence (77) of Kato, as 
claimed. 

As was pointed out in the Introduction, if we evaluate both sides of the congruence 
(76) at the appropriate points in pZp, we deduce the following congruence of normalized 
L- values from (2) and (3):- 

Conjecture 5.5. Assume Hypotheses HI, H2 and H3. Then for all integers n = 1, . . . , k— 
I, we have 

(78) £-"(/, p, n) ^ £^-(/, a, n) modp. 

We end this section by explaining how this latter congruence is intimately connected 
with Theorem 4.2. Let Vi and V2 be the set of places of /Coo = Q(Aip°°) defined by (56) 
and (54) respectively. 

Lemma 5.6. Let q he any rational prime with q dividing m and {q,Np) = 1. Then all 
primes of K,^^^ above q belong to V2 if and only if OTdp{Pq{f , a, g^")) > for some integer 
n. 

Proof. Let q have exact order Vq modulo p, and let v he a prime of /C above q. Then one 
sees immediately that 

Pq{f,(J,X) = (1 -6,X'-' + g('=-i>'X2^«)'^, 
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where b^ is defined by (52). Since g*"' = Imod]?, the assertion of the lemma is now plain 
from the definition of 7^2 • D 

Lemma 5.7. Let q be any rational prime not equal to p such that q divides m and 
ordq{N) = 1 . Then all primes oflC^^^ above q belong to Vi if and only if OTdp{Pq{f , a, g~")) > 
for some integer n. 

Proof. Let q have exact order r^ and let f be a prime of /C above q. Since a is unramified 
at q, one sees easily that 

where b^ is defined by (55), and hence the assertion of the lemma is clear. D 

By the work of Manin, we always have Mp^°(/, a, n) is in Zp for n = 1, . . . ,k — 1. 
Hence we conclude from Lemmas 5.6 and 5.7 that C^^^{f,(j,n) G pZp if either Vi or V2 
is non-empty. On the other hand, assuming Hypotheses H1-H4, Theorem 4.2 shows that 
X{Apao/ F^^^) is infinite if either Vi or V2 is non-empty. But X{Apao/ F'^^'^) is infinite if 
and only if its characteristic element as a A(Gal(F'^^'^/F))-module is not a unit in the 
Iwasawa algebra. But the main conjecture for X{Apoa) predicts that the CT''^{f,p,n) 
are all values of the characteristic power series of X [Apoa / F'^^'^) . Thus it would follow 
that Cp^^{f,p,n) G pZp if either Vi or V2 is non-empty, in accord with the Congruence 
Conjecture 5.5. 

6. Numerical data 

We refer the reader to Section 6 of [5] for a detailed discussion of how the computations 
are carried out in the case of a primitive form of weight 2. Entirely similar arguments 

(see [4]) apply to the calculation of the numerical values £p(/, 0, n), for n = 1, . . . , /c — 1, 

00 

for our given primitive modular form f = ^ o-n'f' of conductor A^. We do not enter into 

n=l 

the details here, apart from listing the explicit Euler factors which occur for the primes 
dividing pm. As before, let 

/C = Q(/ip), F = Q(/ip,mi/P), 

where m is a p-power free integer > L As earlier, we write for either the direct sum a 
of the one dimensional characters of Gal(/C/Q) or the unique irreducible representation 
p of dimension p — 1 oi Gal(-F/Q), and note that both of these Artin representations are 
self-dual. We suppose that p is an odd prime number satisfying {p,ap) = {p,N) = 1. 
In addition, we assume that Hypothesis H2 holds. As earlier, let Pp{(f),X) denote the 
polynomial in X giving the inverse Euler factor at p of the complex L-series L{(f), s) of the 
Artin representation 0, and Pq{f,(f),X) the polynomial giving the inverse Euler factor at 
a prime q of the complex L-series L{f, 0, s). 

Lemma 6.1. We have that Pp(a,X) = 1 — X, and Pp{f,a,X) = Pp(f,X). If m = 
ilmodp^, then Pp{p,X) = 1 — X, and Pp{f,p,X) = Pp{f,X). Otherwise, both Pp{p,X) 
and Pp{f,p,X) are equal to 1. 
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D 

Lemma 6.2. Let q be any prime factor of m distinct from p, and write Vg for the order 
of q modulo p. Then we have:- 

(1) Pg{f,a,X) = P^{f/K,,X'-'')^, where P^(///C,X) is the Euler factor of f over 
/C at any prime v of K, above q if {q, N) = 1. 

(2) P,(/,a,X) = (1-a^'X'-^)'^ z/ord,(iV) = 1. 

(3) P,(/,p,X) = l. 

D 

We remark that the computations require knowledge of the Fourier coefficients a„ of 
/ for n ranging from 1 up to approximately the square root of the conductor of the 
complex L-function L(/, 0, s). Since these conductors are very large even for small A^, 
this explains why we need to know explicitly the a„ for 1 < n < 10®, and why we are 
essentially restricted to the case of the prime p = 3. For our primitive cusp form / of small 
conductor, we computed these Fourier coefficients a„ using [SAGE] as follows. We use 
linear algebra to express / explicitly as a polynomial in terms of Eisenstein series (we only 
used small conductor forms / where this was possible), then we evaluate this expression 
using arithmetic with polynomials of large degree over the integers. This high precision 
evaluation took about 1 day of CPU time in some cases, and relies on the fast FFT-based 
polynomial arithmetic from http://flintlib.org, and optimized code for computing 
coefficients of Eisenstein series due to Craig Citro, along with other optimizations specific 
to this problem. For evaluation of the CM form of level 121 and weight 4, we computed 
the Fourier coefficients dp for the corresponding elliptic curve of weight 2 (using [19]), 
then obtained the coefficients ap of the weight 4 form as the sum of the cubes of the 
roots of X^ — dpX + p, and finally extended these multiplicatively to obtain all of the 
coefficients a„. 

For even k > 2, let Ek{q) G Q.[[q]] denote the weight k Eisenstein series of level 1, 
normalized so that the coefficient of g is 1. For integers t > 1, define -^2(0'*) — -^2(9) ~ 
^£"2(5*), which is a holomorphic modular form of level t and weight 2. We consider 4 
explicit primitive forms; 3 have expressions in terms of Eisenstein series, and the fourth in 
terms of an elliptic curve with complex multiplication. The first 3 are the unique primitive 
forms on ro(j5) with given weight. The fourth form / is the complex multiplication form 
of conductor 121 which is attached to the cube of the Grossencharacter of the elliptic 
curve 

(79) y^ + y = x^ - x'^ - 7x + 10. 



This curve has complex multiplication by the full ring of integers of Q(V— 11), and has 
conductor 121 when viewed as a curve over Q. The following table gives the first few 
terms of the g-expansion of these four forms, and note that, in each case, 3 is an ordinary 
prime because the coefficient of q^ is not divisible by 3. 
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Conductor 


Weight 


Primitive form 


5 


4 


-2fE^{q^) - fEi{q) + ISE^iq^^ = q - 4q'^ + 2q^ + 8q^ - 5q^ + ■ ■ ■ 


7 


4 


-IfE.iq'^) - lEM + ^E*^{q'? =q-q^-2q^- 7q^ + 16q' + ■■■ 


5 


6 


^E^iq^) - ^Ee{q) + 248E*^{q^)E4q^) = q + 2q^ - Aq^ - 28q^ + 25q' + ■■■ 


121 


4 


q + 8q^- 8q'^ + 18q^ + 37^^ _ 54^12 ^ ^44^15 ^ 54^16 ^ . . . 



The first two tables below provide numerical evidence in support of the congruences 
(5), and the third and fourth table below provides evidence in support of the stronger 
congruence (7). The notation used in these four tables is as follows. We have taken 
p = 3, and assume that denotes either a or p, so that d{(f)) = 2. For each integer 



n 



k — 1, put 



80) 

L*(/, 0, n) = L{f, 0, n)63(0)(27r^)-2"(fi+(/)|fi-(/)|)-i, Vs{f, 0, n) = J] W^ 0> 1 



3m 



and define 

Cif, 0, n) = T{nf X L*(/, 0, n) x Vs{f, 0, n) x 



P3(0,3"-7«) 



X (3"-Va) 



\e3{<t>) 



P3(0,a/3^ 

We also write A^(/, 0) for the conductor of the complex L-function L{f, 0, s). it is easily 
seen that £3(0") is equal to the positive square root of 3. Moreover, 63 (p) = 3^ when 
ord3(m) > 1. When {3,m) = 1, we have that e3(p) is equal to 3 when m = ±lmod3^, 
and is equal to 3^ otherwise. If r is any integer > 1, and w is an integer, the symbol 
w + 0(3'") will denote a 3-adic integer which is congruent to w modulo 3''. 

The reader should also bear in mind the following comments about the signs of the 
values L'^{f,(f),n) given in our tables below. Since can be realized over Q, it follows 
from the convergence of the Euler product that L(/, 0, n) is strictly positive for n = 
k/2 + 1,...,A; — 1; in addition, the generalized Riemann hypothesis would also imply that 
the value at n = k/2 should either be zero or strictly positive (and this is the case in all of 
our numerical examples) Thus, by Theorem (2.8), L^{f,(j),n) is a rational number,which 
will have the sign (— l)"w(/, 0) for n = 1, . . . , k/2 — 1 by the functional equation (21); 
and the sign of L^{f, 0, k/2) should be (—1)'^/^ if it is non-zero. 

Finally, we recall (see Example 5.3 in section 5) that, for the form / of conductor 121 
and weight 4, the periods in Table IV are the naive periods, and that they must be replaced 
by the canonical periods defined in Example 5.3 to deduce the stronger congruence (7) in 
this case. 
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Table I: form / of conductor 5 and weight 4. 








LIU\^.^) 


= -100, L*(/,a,2) = 4^. 






m 


LlU,P,n) 


V-s(f,P,n) 


V3{f,a,n) 


N(f,p) 


C3(f,^,n) 


04.f,p,n) 




n = 1 












2 


-2^ ■ 5'^ ■ 7 ■ 13 


2-52 
3 


1 


2-* - 36 ■ 52 


l + 0(3) 


l + 0(3) 


3 


-2* ■ 5* ■ 13 ■ 41 


2-5 
3 


1 


310 ■ 52 


2 + 0(3) 


2 + 0{3) 


5 


25 • 3 • 52 ■ 13 ■ 17 





1 


36.54 





2.31 + 0(32) 


6 


-2"' ■ 53 ■ 13 ■ 1801 


2-52 
3 


1 


24 . 3IO . 52 


l + 0(3) 


l + 0(3) 


7 


2**-5^-13-23-41 

7 


23-5= 
3-7^ 


1 


36 . 52 . 74 


2 + 0(3) 


2 + 0(3) 


10 


2» • 3 ■ 5^ • 13 





2.5 
3 


2* . 32 . 54 





1 . 3I + 0(32) 


11 


2l''.5^-13'2311 
11 


2^-5^-41 
3-112 


1 


36 . 52 ■ 114 


l + 0(3) 


l + 0{3) 


12 


-2^ ■ 53 ■ 13 ■ 839 


2-5^ 
3 


1 


2* . 310 . 52 


l + 0(3) 


l + 0(3) 


13 


-2-* ■ 53 ■ 11 ■ 13 ■ 43 ■ 53 


25-53-112 

3-132 


1 


36 . 52 . 134 


2 + 0(3) 


2 + 0(3) 


14 


-2^ ■ 5* ■ 132 ■ 251 


23-5S 
3-72 


1 


24 . 36 . 52 . 74 


l + 0(3) 


l + 0(3) 


15 


29 • 3 ■ 52 ■ 13 • 281 





1 


310 . 54 





2.31 + 0(32) 


17 


2''-5-'*-13-31-167 
17 


2<'-52-7-83 
3-172 


2.5 
3 


32 . 52 ■ 174 


l + 0(3) 


l + 0(3) 


19 


2''. 5*. 13.432 
19 


2^53-72 
3-192 


2.5 
3 


32 . 52 . 194 


2 + 0(3) 


2 + 0(3) 


20 


2» • 3 • 52 • 132 ■ 97 





1 


24 . 36 . 54 





1 . 3I + 0(32) 


21 


2*-5^-13-3425341 
7 


23-5= 
3-72 


1 


310 . 52 . 74 


2 + 0(3) 


2 + 0(3) 


22 


2^-5^-13-43-13841 
11 


2=-5'*-41 
3-112 


1 


24 . 36 . 52 . Il4 


2 + 0(3) 


2 + 0(3) 


23 


28.35.53.13-1409 
23 


23-32-52.7-79 
232 


1 


36 . 52 . 234 


1 ■ 3^ + 0(34) 


2 . 35 + 0(36) 


26 


-2^ ■ 53 ■ 13 ■ 887 


25.5*-ll2 
3-132 


2.5 
3 


24 . 32 . 52 . 134 


l + 0(3) 


l + 0(3) 


28 


2^5. 53. 13-503 


23-58 
3-72 


2.5 
3 


24 . 32 . 52 . 74 


l + 0(3) 


l + 0(3) 


29 


2^.5^-11-13-1678031 
29 


2*5-53-23-41 
3-292 


1 


36 . 52 . 294 


l + 0(3) 


l + 0(3) 


30 


2^ . 3 ■ 52 ■ 72 ■ 13 ■ 61 - 97 





1 


24 . 3IO . 54 





1.31 + 0(32) 


31 


2*-5'*-13-79-62351 
31 


2=-5=-ll2 
3-312 


1 


36 . 52 . 3l4 


2 + 0(3) 


2 + 0(3) 


33 


-2* ■ 5* ■ 11 ■ 13 ■ 19 ■ 2879 


2^-53-41 
3-112 


1 


3IO . 52 ■ ll4 


l + 0(3) 


l + 0(3) 


34 


-2^ ■ 5^ ■ 13 ■ 142427 


2'5-53-7-83 
3-172 


1 


24 . 36 . 52 . 174 


2 + 0(3) 


2 + 0(3) 


35 


2''-3-52-13-653 

7 





2.5 
3 


32 . 54 . 74 





2.31 + 0(32) 


37 


28-32-5*-13-367 
37 


2^-3-53-192 
372 


2.5 
3 


32 . 52 . 374 


2 . 32 + 0(33) 


2.32 + 0(3^) 


39 


-2I0 ■ 53 . 71 ■ 17489 


2^-53-112 
3-132 


1 


3IO . 52 . 134 


2 + 0(3) 


2 + 0(3) 


41 


2*-53-13-17-31-211-941 
41 


2^-53-17-109 
3-41^ 


1 


36 . 52 . 4l4 


l + 0(3) 


l + 0(3) 


42 


2^5-53-13-19-859-1801 


23-58 
3-72 


1 


24 . 3I" . 52 . 74 


l + 0(3) 


l + 0(3) 


43 


21^-5^-7-13-19-251-491 
43 


23.55.292 
3-432 


1 


36 . 52 . 434 


2 + 0(3) 


2 + 0(3) 


44 


-2^ - 53 ■ 13 ■ 421 


2=-5'*-41 
3-112 


2.5 
3 


24 . 32 . 52 . Il4 


2 + 0(3) 


2 + 0(3) 


45 


2=5 • 3 • 53 • 72 ■ 13 ■ 19 





1 


3IO . 54 





2.31 + 0(32) 


46 


2*5-3^-6^-13-7283 
23 


23-32-53.7-79 
232 


2.5 
"3" 


24 . 32 . 52 . 234 


2 . 33 + 0(34) 


2.33 + 0(34) 


47 


2**-5^-13-232-22567 
47 


1 


23.52.13.67-277 
3-472 


36 . 52 . 474 


l + 0(3) 


l + 0(3) 
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Table I: form / of conductor 5 and weight 4. 



mf,P,n) 



r3{f,p,n) 



V3{f,a,n) 



N(f,p) 



Cs{f,cr,n) 



Cz{f,p,n) 



50 
51 
52 
53 
55 
57 
58 
59 
60 
61 
62 
66 
67 
68 
69 
70 
71 
73 
74 
75 
76 
77 
82 
84 
89 
90 
91 
92 

2 

3 

5 

6 

7 

10 

11 

12 

13 



2^ • 3 • 5^ • 13^ • 97 

2^-5'*-13^-278591 
17 

-2^ ■ 5^ ■ 2513617 

2"^-5'^-13-290161 
53 
2^-3-5^-13-12799 
11 
2''-5^-13-61-503-4241 

19 
2^-5^-13-9208039 

29 
2^-5''-13-23-397-853 
59 

2^ • 3 • 5^ • 13 • 19 ■ 3499 

2''-5^-13-179702101 
61 
2°-5^-13-307-2879 

31 
2^-5'*-13-6458773 

11 
2''-5^-13^-19^-4759 

67 
2-''-5^-13-10484557 

17 
26.33.53,^3.35^.^5^33 

23 
2'^-3-5^-13-89-131 
7 
2''-5^-7-13-31-79-101 

71 
2"^-5'^-13-17-47-1831 

73 
2''-3'^-5^-ll-13-523-10ai 
37 

25 ■ 3 • 53 • 72 • 13 ■ 19 



2°-5''-13-311-7297 



2°-5^-13-2377-60913 



2°-5^-13-73-4817 



-2^ ■ 5^ ■ 13 ■ 431 ■ 10259 
26.3^.53.13.71.293 

89 

2^ • 3 • 52 • 13 • 151 ■ 463 



2''-5''-4519393 



2-'-3-'-5- ■13-157-31019 



n 



2-5^-13 

2^-5^-13 
35 



2-5^-7^-13 



3^i.7;i 



33-11 

2^-5^-13 

35 

2^.5" 
3^1W 



2'''-5^-ll-13-179 
3^53^ 



27.53.72 



2°-5^-23-41 

3-29^ 
28-5^-19-101 



3^67^ 
26.5^-7-83 

3-17^ 
23. 32. 52. 7, 7Q 

2p 



2-' ■5- ■47-1381 



3-712 



3-7^-112 

2'' -5* -17- 109 



3-7^^ 
2**-3-5^-17-131 



2^-3^-5-^-7-79 
23^ 

1 
1 



1 
1 



1 
1 
1 



1 
1 
1 

2-5 

3 
2-5 

3 

1 

1 

1 

1 
2^-5^-432 

3-61^ 
2-5 
3 

1 
1 
1 
1 



2-5 

3 
2-5 

3 

1 
1 
1 



2-5 
3 



2-5 
3 



2-5 
3 



52 
2-3^ 
2-5 
'W 

2t. 
3-5 
52 
2-3^ 
2^-5° 

3 

2-'' -5^ -41 

r2 
O 

2-3^ 

2-''-5^-ll2 
3^-13^ 



3IO ■ 52 
24 . 36 . 
32 . 52 ■ 
32 . 54 . 
3IO ■ 52 



24 

36 

24 

36 

24 
24 

36 

24 



36. 

52. 
310 

52. 

32. 
310 

52. 

3' 



36 



3"' ■ 52 
24 - 36 . 
32 . 52 ■ 
32 . 52 - 
24 . 36 . 
3"' ■ 54 
-36- 



24 

36 

24 
24 

32 

24 

32 

24 



52. 

32. 

310 

52. 
310 

52- 
36. 



54 

■ 174 
52 - 134 
534 

ll4 

■ 194 

52 ■ 294 
594 

■ 54 

6l4 

52 ■ 3l4 

■ 52 ■ ll4 
674 

52 ■ 174 

■234 

54.74 

7l4 

734 
52 ■ 374 

52 ■ 194 

74 - ll4 
52 ■ 4l4 

■ 52 - 74 
894 
■54 

74 - 134 
52 ■ 234 



3"' 

24 

36 

24 

36 

24 

36 



310 ■ 52 

52.74 

32.54 

52 . Il4 

3"' . 52 

52 . 134 





1 + 0(3 
1 + 0(3 
1 + 0(3 



2 + 0(3 

2 + 0(3 

1 + 0(3 


2 + 0(3 

1 + 0(3 

2 + 0(3 
2 + 0(3 
2 + 0(3 
1 -S^* + 


1 + 0(3 

2 + 0(3 
1 .32 + 


1 + 0(3 

1 + 0(3 

2 + 0(3 
1 + 0(3 

1 .32 + 


2 + 0(3 
2-33 + 

1 + 0(3 

2 + 0(3 
1 .3^ + 

1 + 0(3; 

2 + 0(3 
2-31 + 
1 + 0(3 

1 + 0(3 

2 + 0(3 



0(34) 



0(33) 



0(3^) 



0(34) 



0(32) 



0(32) 



1-31 +0(32) 



-0(3) 

-0(3) 

0(3) 



1-31 +0(32) 



-0(3) 
-0(3) 
-0(3) 



1-31 +0(32) 

0(3) 

0(3) 

0(3) 

0(3) 

0(3) 

2-3=' +0(34) 

1-31 +0(32) 

1 + 0(3) 

2 + 0(3) 
1-34+0(35) 
2-31 +0(32) 

0(3) 

0(3) 

0(3) 

0(3) 
2-35 +0(3") 
1-3! +0(32) 
2 + 0(3) 
1- 32+0(3-^) 



-0(3) 
-0(3) 

-0(3) 
0(3) 

-0(3) 

-0(3) 

0(3) 
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Table I: form / of conductor 5 and weight 4. 



mf,P,n) 



Vs{f,p,n) 



r3{f,a,n) 



N(f,p) 



C3(f,(T,n) 



C3{f,P,n) 



14 
15 
17 
19 
20 
21 
22 
23 
26 
28 
29 
30 
31 
33 
34 
35 
37 
38 
39 
41 
42 
43 
44 
45 
46 
47 
50 
51 
52 
53 
55 
57 
58 
59 
60 
61 
62 



-w^w 



319f 



W^ 
2^-5^-13 

3^11 
2'^-5'^;13 

3-23-1 
2-5^ 

3 
2-5" 



13 



3.7-^ 
2^-5^-13-109^ 



2^-5-'-13-151^ 

3^J^3l3 
22.54.72.13 

3S.I13 
2^-5^-13 
33-17f 





373 

2-5^;13-4l2 

33-193 
2''. 52.112 

3''-132 
22.52.112.13 

33-413 
2-5^-13-149^ 

3^:75 

2-'-5''-13 
33-433 
2-52-72-13 
3U3 



2-3-5213 



233 

l°-5^-13^ 
33-473 



2''-5''-13-l()l^ 

33-173 
2-5^ 
33-132 
22-52-13-292 

3^533 



3S-I93 
2"-5''-13 

33-293 
2e-52-ll-»-13 



2''-5-'-7-'-13-17-' 
33-613 



3^-11 



1 



2-5 
'W 
2-5 



1 
1 
1 

2-5 
"P" 
2-5 
W 

1 



1 
1 
1 



2-5 
'W 

1 
1 
1 
1 

1 

2-5 



2-5 
W 

1 



1 
1 

2-5 



1 
1 
1 



1 

2-5 



2-5° 
32-74 
2i 
3-5 
2^-52-7-83 

32-174 
2^-5^-72 

32-194 

2i 

3 

23-5^ 
32-74 
2^-5''-41 

32-114 
23-3-52-7-79 

234 
23-5-^-112 

32-134 
2-5" 

32-7"' 
2*^-5^-23-41 



2''-5°-ll2 
32-314 

2^-5^-41 
32-114 

2^-5^-7-8: 
32-174 

96.. s3 



374 
2^- 5-^ -7^ 

32-19* 
2^-53.112 

32-13* 



53- 
3^ 



2-5^-17-11)9 



32-434 

23-5^-41 

32-114 

2i 
3-5 
2-3-5^-7-79 

23^ 
23-5'^-13-67-277 



2'-5-'-ll-13-179 

2^-5-41 
3-114 



32-194 
2* -5* -23-41 

32-294 
2'^-53-19-101 

3^^593 
2f. 
3 
2^-5^-43^ 



2* ■ 3« - 

3"' ■ 54 

32 ■ 52 - 



24.36 
36-52 
24.32 
24.32 
36.52 
24 . 310 

36 . 52 . 
310 . 52 

24 . 36 - 

32 . 54 - 
32 . 52 - 

24 ■ 36 - 

310 . 52 
36 . 52 - 

24 . 310 

36 . 52 . 

24 . 32 - 

310 . 54 

24 . 32 . 

36 . 52 . 

24 . 36 - 

310 . 52 

24 . 36 . 

32 . 52 . 
32 . 54 

3"' . 52 
24 . 36 



174 
194 

54 

■ 74 

52-114 
234 

52 - 134 

52-74 

294 

■ 54 

3l4 

-ll4 

52 - 174 
74 
374 
52 - 194 

■ 134 

4l4 

■ 52 . 74 
434 
52-114 

52 - 234 

474 

54 

■ 174 

52 - 134 
534 



32 -61* 

23.56.112 
32-31* 

23-5'^-41 



36 

24 

36 

24 
24 



310 
52- 
32- 
310 



11" 
■ 194 
52 - 294 
594 

-54 

6l4 
52 - 3l4 

-52-114 



1 + 0(3) 
1.31+0(32) 



+ 0(3) 
+ 0(3) 

3I +0(32) 
+ 0(3) 
+ 0(3) 

3=^ + 0(34) 
+ 0(3) 
+ 0(3) 
+ 0(3) 

2.31 +0(32) 
+ 0(3) 
+ 0(3) 
+ 0(3) 

31+0(32) 

2.32 +0(3=*) 



-0(3) 
0(3) 
0(3) 
0(3) 
0(3) 

-0(3) 



1 

2 
1 
1 

2 
2 
1 .31 +0(32) 

3« + 0(34) 
fO(3) 

31+0(32) 
fO(3) 
fO(3) 
fO(3) 

3I +0(32) 
fO(3) 
fO(3) 
fO(3) 

3I +0(32) 
fO(3) 
fO(3) 
fO(3) 



l + 0(3) 


1 + 0(3; 

2 + 0(3; 


2 + 0(3 
2 + 0(3 
1-32 + 
1 + 0(3; 
1 + 0(3; 

1 + 0(3; 


2 + 0(3 

1 + 0(3; 

2 + 0(3 


2-32 

1 + 0(3; 

2 + 0(3 
1 + 0(3; 

1 + 0(3; 

2 + 0(3 
2 + 0(3 



2-32 
1 + 0(3; 



1 + 0(3; 
1 + 0(3; 

1 + 0(3; 



2 + 0(3 
2 + 0(3 

1 + 0(3; 



2 + 0(3 

1 + 0(3; 

2 + 0(3 



0(33) 



0(33) 



0(33) 
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Table I: form / of conductor 5 and weight 4. 



mf,P,n) 



P:i(f,P,n) Vz{f,a,n) 



N{f, p) 



C3{f,(T,n) 



C3{f,P,n) 



67 



70 
71 
73 
74 
75 
76 
77 
82 
83 
84 
89 
90 
91 
92 
93 
94 
97 



2^-5''-13-103^ 

2^-5^-13;31^ 
3^^2p 



2^-5-'-13-29^ 

3Tl3 
2^-5^-13-43^ 

3-73'' 
2-3^-5^-13 

37:5 



2°-5^-13' 



3"- 19a 

2''-5^-13-101^ 
3a. 73. 11a 

23.5^.11^.13 

3-4ia 
2''-3-5^;7^-13 

83^ 
2r)^13199^ 

W^ 
2-'.33.5-^-13 





3-73.13^ 
2-3-5^-13 

233 
2^-5^-13-3l3.179^ 

35 

2-5^-ll^-13-19^ 
33-473 



973 



1 
1 
1 



2-5 
'W 
2-5 
'W 

1 



1 



2-5 



2-5 
"3^ 



2-5 
W 

1 
1 
1 
1 



3^-67* 
2"^-53.7-83 

3^ •17" 
23.3-5^-7-79 
2iP 



3-7« 
2^-53.47-1381 

3^-714 
2'^-53.157^ 

3^-73* 

23. 5"^ -19^ 

37^ 

3-5 

2-^5^. 7" 
3^-194 
2''-5''-41 



3^-7*-ll* 
2^-5'*-17-109 

3^-41* 
23.3-5^-13-31-223 



2°-5a.l7-131 



2' -5 -11^ 
3:^.74.134 

2-3-53.7-79 

23<1 
2-'' ■5-'' -11^ 

3^-31^ 
2-53.13-67-277 

3^-474 
2II.53.I9" 



24 . 36 ■ 
3IO ■ 52 
24 . 36 ■ 
32 ■ 52 . 
32 . 52 . 
24 . 36 ■ 
3IO ■ 54 
■36- 



24 

36 

24 

36 

24 

32 

24 

32 

24 



52. 
32. 
52. 
310 

52. 
310 

52. 
36- 



36.52 



67* 

52 ■ 174 
■234 
54-74 
7l4 

734 
52 - 374 

52 - 194 

74 - ll4 

52 - 4l4 

834 

■52-74 

894 

■54 

74 - 134 

52 - 234 

■3l4 

52 - 474 
974 



2 + 0(3) 
2 + 0(3) 
1-3=* +0(34) 
2-3I +0(32) 



-0(3) 
"0(3) 
32+0(3^) 

31 +0(32) 
~0(3) 
^0(3) 
~0(3) 
33 -+0(34) 
-0(3) 

32 +0(3^) 
2-3I +0(32) 
2 + 0(3) 
2-33+0(34) 
2 + 0(3) 

2 + 0(3) 
2-32+0(3^) 



2-4-0(3) 
2 + 0(3) 
1-32 + 0(33) 


1 + 0(3) 

2 + 0(3) 
1-36 + 0(3^) 


l + 0(3) 

1 + 0(3) 

2 + 0(3) 
1-34 + 0(35) 

1 + 0(3) 
1-34 + 0(3'') 


2 + 0(3) 
2-34 + 0(3^) 
2 + 0(3) 

2 + 0(3) 
2-34 + 0(35) 



Table II: form / of conductor 7 and weight 4. 
mf, a, 1) = 49, Llif, a, 2) = L*{f, p, 2) = 0. 



Ll{f,p,n) 



V-i{f,P,n) 



Vz{f,u,n) 



N{f,p) 



C3{f,u,n) 



C3{f,p,n) 



2 
3 
5 
6 

7 

10 

11 

12 

13 

14 

15 

17 

19 

20 

21 



22 
2^ 
24 
22 
2» 



5-74 

5 - 73 - 132 

73 .71 

5 - 74 - 113 
5 - 72 - 223 



73 - 239 



2^-3-5-7^-211-499 
11 

2^ - 3 ■ 5 ■ 74 - 241 

2^-3-5^-73-773 
13 

23-3-5-72-41 

22 - 3 ■ 5 ■ 73 - 13 
2^-3^-5-73-1223 

17 
2'-'--5-73-37 
19 

2^^ - 3 - 73 - 1213 
2^3 . 3 . 5 - 72 . 29 



59 

43 - 179 



1 
1 
1 
1 

1 

2-7 
3 

1 
1 
1 
1 

1 

2-7 

3 
2-7 

3 

1 
1 



5-7 
2-3 
2-7 
3 
23-7^-23 

3-5^ 
5-7^ 
2-3 
23-7 

3 
2-73-23 

3-5 
2^-5-7^-: 
3-11^ 
5-7 
2-3 

23-73-11 
3-13^ 



3 



17^ 
23-5^-7^ 

3-192 
2-73-23 

3-5 
23-7 

3 



24 . 36 . 72 

3IO . j2 

■ 54 - 72 

- 3IO . 72 

■ 32 - 54 - 72 

- 72 - ll4 

- 3IO . 72 

- 72 - 134 
-36-74 



36 
24. 
36- 
24. 

36. 

24. 

36. 

24 



310 



.7^ 
32 ■ 72 ■ 174 
32 ■ 72 - 194 

24 . 36 . 54 . 72 

310 . 74 



1-31 

2-3^ 
I-3I 
I-3I 
2 -31 
2-3I 
1-3! 
I-3I 
2-31 
I-3I 
I-3I 
2-35 
2-3I 
2-3I 
2-3I 



0(32 
0(32 
0(32 
0(32 
0(32 
0(32 
0(32 
0(32 
0(32 
0(32 
0(32 
0(36 
0(32 
0(32 
0(32 



1-31 +0(32) 
2-3I + 0(32) 
1-3^ + 0(32) 
I-3I + 0(32) 
2-31 + 0(32) 
2-3I + 0(32) 
1 - 3I + 0(32) 
1 - 3I + 0(32) 
2-31 + 0(32) 
1 - 3I + 0(32) 
1 - 3I + 0(32) 
1 - 33 + 0(34) 
2-3I + 0(32) 
2-31 + 0(32) 
2-3I + 0(32) 
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Table II: form / of conductor 7 and weight 4. 



mf,p,".) 



V3if,P,n) 



rz(f,a,n) 



Nif,p) 



C3(f,<T,n) 



C3{f,P,n) 



22 
23 
26 
28 
29 
30 
31 
33 
34 
35 
37 
38 
39 
41 
42 
43 



2^-3-5-7^-19-28277 

11 
2^ .33. 5.73. 47-10463 

23 
23.5-7^-3917 
13 

2-* ■ 5 ■ 72 ■ 13 

2^-3-5-7"^-1904647 
29 

2^ ■ 3 ■ 7^ ■ 19 ■ 266839 

2^ ■3-5-73. 307267 

31 
2''' ■3-5-73 -849221 

11 
210.33. 5. 73. 83. 101 
17 

2^ ■ 72 ■ 43 ■ 191 

2'''.5-73.15937 

37 
2^.3.5^.73.864947 

19 
23.3.5-73.957811 

13 
2"^. 3-5^-7^-13-173-1693 
41 

2^ ■ 3 - 5 ■ 72 ■ 37 - 15601 
21I-33-5-73-20639 



1 

1 

2-7 

3 
2-7 

3 

1 
1 
1 
1 

1 

2-7 

3 
2-7 

3 

1 
1 
1 
1 
1 



2^-5^-73-31 

3-11^ 
27.32.52.^2 

23^ 

2.5-7^-11^ 

3^T3^ 
2-5-72 



3^2p~ 
2-73-23 
3-5 

2^-5^-7^ 



3-3P~ 
2^-5-72-31 

3lT^ 
2^-3=^-52-73 

173 

2^-7^-23 

3-5ii 
2^.73.592 

3-372 
2-5^-7;'' 
3-192 

3-132 

2'^-5-73.11.17 

3-412 
2-5-72 

3 
2^-33-7^ 

43^ 



36 

24 
24 

36 

24 

36 



36 

72 
32 
32 
72 
310 

72- 
310 . 72 

24 . 3« ■ 

32 . 54 ■ 
32 . 72 . 

24 . 36 ■ 

310 . 72 
36 . 72 . 

24 . 3IO 

36 . 72 . 



72 . Il4 

234 
72 ■ 134 

74 
294 

■ 54 . 72 

3l4 

-114 

72 . 174 
74 
374 
72 ■ 194 

■ 134 

4l4 

■ 74 
434 



2-3^ + 
2 ■ 34 + 

1 - 31 + 
1 - 31 + 
1 - 31 + 

2-3^ + 
2-3I + 
1 - 31 + 
1 ■ 35 + 

1 - 3I + 

2 - 3I + 
I-3I + 
2-3I + 
1 - 3I + 
1 - 3I + 
2-3^ + 



0(32 

0(35 
0(32 
0(32 
0(32 
0(32 
0(32 
0(32 
0(38 
0(32 
0(32 
0(32 
0(32 
0(32 
0(32 
0(3« 



-0(32) 
-0(34) 
-0(32) 
-0(32) 
-0(32) 
-0(32) 
-0(32) 
-0(32) 
-0(34) 
-0(32) 
-0(32) 
-0(32) 
-0(32) 
-0(32) 
-0(32) 
-0(34) 



Table III: form / of conductor 5 and weight 6. 
L*{f, a, 1) = -400, L*{f, a, 2) = 62/15, L*(/, a, 3) = -31/1125. 



mf,P,n) 



V:i{f,P,n) 



r3{f,T,n) 



N(f,p) 



C-i(f,cr,n) 



C-i(f,P,n) 



2 

3 

5 

6 

7 

10 

11 

12 

13 

14 

15 

17 

18 

19 

20 

21 

23 

26 



n = I 
-2^2 - 52 - 31 - 661 

■ 5-'' - 13 - 31 ■ 2953 
-5-31 ■ 193-211 

■ 5''' ■ 31 ■ 137 ■ 39323 

■ 52 ■ 31 ■ 14230919 

■ 5 ■ 31 ■ 1097 

■53-31-971-592759 



-2"' 
2* -3 
-2" 
_2i2 

2"^ -3 

2"" 



-2II 
2I0 



11 
52 ■ 72 ■ 31 ■ 533063 

52-7-11-31-211-6591061 



0I2 r4 



13 



2^^-5^-31-1082124649 

7 

2"' ■ 3 ■ 5 ■ 31 ■ 13697 ■ 15101 

2IP. 5-''. 7. 31. 65777 



17 



ill 



-2'-^ -b^ -T ■ 31 - 533063 

2"-52-ll. 31-14243891 
19 

2^^ ■ 3 ■ 5 ■ 31 ■ 59 ■ 387077 

2'-°-52 -29-31-104789-2583353 

7 
2'-2. 33. 53. 31. 32517200203 

23 
211-52-31-699507967 



1 

1 
1 
1 

1 

23-11 

3 
1 

1 

1 

1 

1 

23-11 
3 

1 

23-11 

3 
1 

1 

1 

23-11 
3 



2^-5-1 

3 
23-11 
3 



2^^ -11 



-210-5-11 

210-52.72.372 



2^-^.5-11-277^ 
3^72 



-2*5 ■ 11 

2l"-5-ll-2663-4093 
31^7^ 



^-5^-11-101^ 
3-192 



5-11 



2-^-11-277^ 

2'^-3-5-ll-83-139-2357 

23^ 
22I-5-II-172 



24 
36 

24 

36 

24 

36 

24 



52.74 
32.54 
52 . 11* 
310 ■ 52 

52 . 134 

36 . 52 . 74 

■ 54 

52 . 174 
310 ■ 52 
52 . 194 



■23* 



13* 



1 + 0(3) 

2 + 0(3) 
2-3I +0(32) 

1 + 0(3) 

2 + 0(3) 
1-31+0(32) 
l + 0(3) 

1 + 0(3) 

2 + 0(3) 
l + 0(3) 
2-3! +0(32) 
l + 0(3) 

1 + 0(3) 

2 + 0(3) 
1-31+0(32) 
2 + 0(3) 
1-32+0(3^) 
1 + 0(3) 



1 + 0(3) 

2 + 0(3) 

1 -3! +0(32) 



-0(3) 
-0(3) 



2-3! +0(32) 



-0(3) 

-0(3) 

-0(3) 

0(3) 



1-31+0(32) 



1- 
1- 

2 
2-3^ 



-0(3) 

0(3) 

-0(3) 



0(32) 



-0(3) 



1-3-^ 



-0(34) 



1 + 0(3) 
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Table III: form / of conductor 5 and weight 6. 



mf,P,n) 



V3{f,P,n) 



V3{f,<T,n) 



?Rrr 



NU, p) 



-CsC/, cr, n) 



C3{f,p,n) 



28 
29 

30 

31 
33 

34 

35 
37 
38 
39 
41 

42 

43 

2 

3 

5 

6 

7 

10 

11 

12 

13 

14 

15 

17 

18 

19 

20 

21 

23 

26 

28 

29 



2'-°.5^-19-31-37-41633381443 
29 

2^^ • 3 ■ 5 • 132 • 17 
■31 ■ 53 ■ 1051 ■ 2713 
-2"' ■ 5"* ■ 1597 ■ 25447 
■254627 

2'-°-5^-31^79-5727093605801 

-2i2^52-7^23 
■31 ■ 227 ■ 130914857 
2^^ ■ 3 ■ 5 ■ 31 ■ 46049 

2^-^ -3^ -5^ ■SI -ISl^ 199-9743 

37 
2'-"^.5'^-7-31^61-27077^185057 

19 
2'-^-5^^31^2957^86182236263 

13 
2'-°-5^^31^3303519970879679 

41 

_2i2 . 52 . 72 . 3]^ . 267139 
■5797783 

2'-^.5^-19-638839^52230109 
3143 



n 



2-^^31-1759 

P 

2^-5-31-1223 
35 
2'=-13-31^37 
3^ 
23.19^31^47^5531 

35 
2*^31^47^53813 
35:73 



2'^^31-28000571 
2^^7^31^145543 



2- ■31-112051757 



2-^^5-'^31^65780839 

3^:73 

23^31^103^1559 

2'^31^491^971 
TlT^ 

2^7^31^145543 

35 

2^^5^31^418273 

3093 

2331-96457 

3^:5 

2^^19^^31^647^11827 

3^:73 

2''^31^1117;^156733 

233 
23.731^6916561 

3^133 
2^^17^31;39383 

3^73 
2^^31^283^3323^64067 
3^29'' 



2-^^ll 
3 

1 
1 

1 
1 
1 



1 
1 
1 

1 

1 

1 
1 
1 
1 
1 

2^-5 
3^ 

1 
1 
1 
1 

1 

2^-5 
3^ 



1 
1 
1 

2^-5 
2^-5 



3J^ 
2"^5^^11^2221^7039 



-2io^5^11 

2"^5''^ll-463^ 

3^31^ 
210,52 y2, 3^2 

3^11 

2^^^5^^11^2663^4093 
31^7^ 

2^^-11-277^ 

72 

2^-^-3'^-ll-241^ 

37^ 
2^3.53.11.1012 

3l^ 
2^^.11.17^ 



2^3.52.11.443.704101 

2^3.5.11 277^ 
3T^ 

2^^. 7^. 11-157^-389^ 



2-5^-7 





2-5^-7 

29-5= 
3^-74 



2^^-53-163 

3^-114 
2-5^-7 



3^^-13^ 



2^-5» 



2l"-5^-43-881 

3^-174 
2-5^-7 

2II-53. 72.112 
3^-194 



2^-5= 
3^-74 

29-3''-5''-653 
2iP 



5ll..r4 



5 -7 



24 ■ 32 . 52 ■ 7* 
36 ■ 52 ■ 29* 
24 . 3IO . 54 

36 ■ 52 . 31-* 

310 ■ 52 . 114 

24 ■ 3'' ■ 52 ■ 174 

32 ■ 54 . 74 
32 ■ 52 . 374 
24 . 3<* ■ 52 ■ 194 
310 ■ 52 ■ 134 
36 ■ 52 . 4l4 

24 . 3IO ■ 52 ■ 74 

36 ■ 52 . 434 

94 . o6 . c2 



1 



2^5" 

2l"-53-179-1091 
3^:293 



36 
24 
36 

24 

36 

24 

36 

24 

3"' ■ 54 
32 ■ 52 . 

24 ■ 3IO 

32 ■ 52 . 

24 . 36 ■ 

3"' ■ 52 

36 ■ 52 . 

24 . 32 . 
24 . 32 . 

36 ■ 52 ■ 



■5^ 
-74 
-54 
-ll4 

■52 

134 
-52-74 

174 

■52 

194 

54 

■74 

234 

52 ■ 134 

52^74 

294 



l + 0{3 
1 + 0(3 

1 31 + 



0(32) 



2 + 0(3 

1 + 0(3 

2 + 0(3 

2^3^ + 
2 ■ 3!" + 



0(32) 
0(3") 



0(3 
0(3 
0(3 

0(3 

0(3 

0(3 
0(3 

0(3 
0(3 

0(3 
0(3 
0(3 
0(3 

-0(3 

-0(3 

0(3 

0(3 



1 + 

2 + 
1 + 

1 + 

2 + 

1 + 

2 + 


1 + 

2 + 

1 + 

1 + 

2 + 
1 + 

1 + 

1 + 

2 + 


2 + 
2-3*5 + 
1 + 0(3 
1 + 0(3 
1 + 0(3 



0(3^) 



1 + 0(3) 

1 + 0(3) 

2 - 3I + 0(32) 

2 + 0(3) 

1 + 0(3) 

2 + 0(3) 

1-3^ + 0(32) 
2-32 + 0(3^) 

1 + 0(3) 

2 + 0(3) 
1 + 0(3) 

1 + 0(3) 

2 + 0(3) 



1 + 0(3 

2 + 0(3 
2 - 3I + 

1 + 0(3 

2 + 0(3 
1 - 3I + 
1 + 0(3 

1 + 0(3 

2 + 0(3 
1 + 0(3 
2-3^ + 
1 + 0(3 

1 + 0(3 

2 + 0(3 

1 ■ 3I + 

2 + 0(3 
2^3^ + 
1 + 0(3 
1 + 0(3 
1 + 0(3 



0(32) 



0(32) 



0(32) 

0(32) 
0(34) 



NON-COMMUTATIVE IWASAWA THEORY FOR MODULAR FORMS 



33 



Table III: form / of conductor 5 and weight 6. 



mf,P,n) 



V3(f,P,n) 



V3{f,<T,n) 



N{f,p) 



Ci{f,<7,n) 



C:i{f,P,n) 



30 
31 
33 
34 
35 
37 
38 
39 
41 
42 
43 

2 

3 

5 

6 

7 

10 

11 

12 

13 

14 

15 

17 

18 

19 

20 

21 

23 

26 

28 

29 

30 

31 

33 

34 

35 

37 



2^-7^-31-3320281 
3^^5 
2'^-5-73-219638621 

3=^-31^ 
2^-5^-31-43-109868293 

3 ='■11^ 
2^-31-487-122916679 

2l''.31-10729 
5^73 
2^°-3-5-13-31-59-829 

373 
2^-31-1657646829583 

3^19^ 
2^-311039-3011-62311 

3^033 
2^-31-53-709-36628831 

2^-31-59-59147190533 
3ST73 

2^-31-482148655367 



n 



2-31 
2^-31 



2°. 31. 47-= 
36.5-75 



2" .31.181^ 
36.5.11=' 

'26.313 
'36.5.131' 
2.5^.19^.31 



1.31 



3^.17-> 



31 



2^. 

2l'''^31 
3^.5.196 



2°. 31. 191'' 
' 3^1.5.76 

26.5.31 
' 3*.23'' 

2-31.47^ 
'3^.5.13f> 

2.19^. 31 
' 3^.5. 7f> 

2^.31.757^ 
36.5.295 



2°.967 _ 
'36.5.314 



2^.31.1867^ 





2^.55.83^ 
3^.31* 

2^^.5^.163 

3^.114 
2^.5^.7.43.881 



21^36.53 
373 

2«. 5-^. 7^.11=^ 

0l3 r,3 



3^.13^ 

2^^. 5^. 11. 13. 107 

3^.414 
2^5" 

2^.5^.7^.59^ 
3^.434 



2. 33 
23.5 

33 

26 
3^.5 

^—Z 

2. 33 

2«.55 
33.76 

2^.7 
2^^.5^.163 



r2 



.110 



11^ 



5 -7 

2. 33 

2^3.53 

33.134 

2^.56 

33.75 

26 
32.5 

2I". 5^^.43. 
33.176 
52.7 
2. 33 

2". 53. 7=^. 
33.196 
2^.7 

28.5= 

2^. 3^^. 5^^.653 

23^ 
2^.54.7 
33.134 
2^.56 
33.75 
2IO. 53. 179. 1091 

33.296 
2^.7 

3^ 
2^^.55.83^ 

33.316 
2^^.53.163 

33.116 
26. 53. 7. 43. 881 
33.176 



24 . 3IO . 54 

3« ■ 52 ■ 31* 

310- 52 -114 

2* ■ 3« ■ 52 ■ 174 
32 . 54 . 74 

32 ■ 52 ■ 37'' 

2* ■ 3« ■ 52 . 194 

310 ■ 52 ■ 134 

36 ■ 52 ■ 4l4 
24 . 310 . 52 . 74 

36 ■ 52 ■ 434 
24 ■ 36 ■ 52 



36 
2* 
36 

24 

36 

24 

36 

24 
3 



54 
310 

52. 
32. 
52. 
310 

52. 
36. 

■54 



310 

32 ■ 52 ■ 

24 . 310 

32 ■ 52 ■ 

24 . 36 ■ 

310 ■ 52 
36 ■ 52 ■ 
■ 32. 

32. 

52. 

310 

52. 
■ 52 

•^6 . 



24 

36 

31' 



3^.76 

376 



74 

54 

ll4 

■52 

134 

52.74 

174 

■52 

194 

54 

■74 

234 

52 ■ 134 

52.74 

294 

■54 

3l4 

■ll4 
52 ■ 174 
74 
374 





2 
1 

2 


2-3* + 



-0(3 
-0(3 
■0(3 



0(3^^) 



-0(3 
0(3 
0(3 
0(3 

-0(3 



1 + 0(3 

2 + 0(3 
1 -31 + 



0(32) 



1 + 0(3 

2 + 0(3 
2-31 + 



0(32) 



0(3 
0(3 
0(3 
0(3 
1 -3^ + 
1 + 0(3 

1 + 0(3 

2 + 0(3 
2-31 + 
2 + 0(3 
2-3S + 



1 + 0(3 
1 + 0(3 
1 + 0(3 
2-31 + 



2 + 0(3) 

1 + 0(3) 

2 + 0(3) 
1-31+0(32) 
2 - 3« + 0(38) 



0(32) 

0(32) 
0(37) 

0(32) 



0(32) 
0(3^) 



1-31+0(32) 
2 + 0(3) 

1 + 0(3) 

2 + 0(3) 
2-3I 
2-32 

1 + 0(3) 

2 + 0(3) 
1 + 0(3) 

1 + 0(3) 

2 + 0(3) 

1 + 0(3) 

2 + 0(3) 


1 + 0(3) 

2 + 0(3) 


1 + 0(3) 

1 + 0(3) 

2 + 0(3) 
1 + 0(3) 



1 + 0(3) 

1 + 0(3) 

2 + 0(3) 



2 + 0(3) 
1-32 + 1 

l + 0(3) 
1 + 0(3) 

1 + 0(3) 


2 + 0(3) 

1 + 0(3) 

2 + 0(3) 


2 - 32 + 0(33) 



0(33) 
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Table III: form / of conductor 5 and weight 6. 


m 


Ll{},P,n) 


'Ps{f,P,n) 


'P3if,CT,n) 


N(.f,p) 


Cs,(f,cr,n) 


-C3(/,P,n) 


38 
39 
41 

42 
43 


2. 31^.149^ 

3". 5-19^ 
2''. 7^. 31. 97^ 

3i".5.13=' 
2''. 31. 881^ 

3''. 5-41^ 
2. 31-4919^ 

31U.5.75 
2*5.5.13^ .31-67^ 
3'>.43S 




2^. 5*. 7^. 11^ 

33.19« 
2I3.53 

3^.13^ 

2^2. 55.11. 13. 107 

3a.41« 
2^.56 
3^. 78' 

28.55.72.592 
3-'.43<' 


2" ■ 3"^ ■ 52 ■ 19"' 
3I0 ■ 52 . 134 
36 ■ 52 . 41* 

24 . 310 . 52 . 74 

36 ■ 52 . 43* 


1 + 0(3) 

2 + 0(3) 
l + 0(3) 

1 + 0(3) 

2 + 0(3) 


1 + 0(3) 

2 + 0(3) 
l + 0(3) 

1 + 0(3) 

2 + 0(3) 



Table IV: form f of conductor 121 and weight 4. 
Lg(/, g, 5)(n = 1,2) = (176, 0) and L^{f, a, 2) = L^{f, p, 2) = 0. 



Ll(f,P,n) 



Vsi f,P,n) 



Vz{f,a,n) 



N(f,p) 



'C3{/, cr, ra) 



C-3(f,P,n) 



2 

3 

5 

6 

7 

10 

11 

12 

13 

14 

15 

17 

19 

20 



2-' ■ 3 ■ 11 ■ 17 ■ 37 
2^ ■ 5 ■ 11 ■ 4373 
2^ ■ 33 ■ 11 ■ 2069 

2^ ■ 32 ■ 11 ■ 83 ■ 2297 

25.5.11.349.863 
7 

2^ .32 ■ 11 ■ 13-211 

28 ■ ll2 

2^ . 3 ■ 11 ■ 13 ■ 31 ■ 367 

25. 5. 11. 29. 230281 

13 
2'''. 3. 5. 11. 439. 1129 

7 
25.3.11.23234851 



2-'. 3. 11. 29. 8219 



2". 53. 11^. 29. 31 
19 

2''. 32. 11. 156241 



1 

1 

1 

1 

1 

2i 
3 

1 
1 
1 

1 

2^ 

52 
2^ 

3 
2^ 

3 
1 



21 

3 
2^.3 

52 

22 -3 

2i 
3 
2^ .3^ 

2i 
3 

22 -3 

2^.72 

3 

2* -3 
1 



2^.52 
3 

2**. 3-^ 



24 . 36 . 1^4 
3IO . 1^4 

5* ■ ll4 
3IO . 1^4 

74 . Il4 

32 ■ 54 ■ ll4 

ll4 

3IO . 1^4 

11* ■ 13'* 



?6 , 



7" ■ 11" 



3IO . 54 . ^^4 
32 ■ ll4 . 174 
32 ■ ll4 . 194 

2* ■ 3« ■ 54 ■ 11* 



2-32 + 0(3^) 
2 + 0{3) 
2-32 + 0(3^) 
2-32 + 0(3^) 
2 + 0(3) 
2-34 + 0(35) 
2 + 0(3) 
2-32 + 0(3^) 
2 + 0(3) 
2-32 + 0(3^) 
2-32 + 0(3^) 
2 ■ 3"* + 0(35) 
2 + 0(3) 
2 ■ 3"* + 0(35) 



1 -31 +0(32) 

2 + 0(3) 

1 ■ 3=^ + 0(34) 

2 ■ 32 + 0(3=^) 
2 + 0(3) 

1 ■ 32 + 0(33) 

2 + 0(3) 
2-3! +0(32) 
2 + 0(3) 

1 -3^ +0(32) 
1-3! +0(32) 
2-3! +0(32) 

2 + 0(3) 

1 ■ 32 + 0(33) 



In the remaining four tables, we give some intriguing integrality and squareness asser- 
tions for the L- values computed in the previous four tables. Although we do not enter into 
any detailed discussion in the present paper, it seems highly likely that these phenomena 
can be explained via the Bloch-Kato conjecture, and Flach's motivic generalization of the 
Cassels-Tate pairing. We define M to be the product of the distinct primes dividing m, 
but excluding the prime 3. Let N denote the conductor of our primitive form /. For 
n=l,...,A; — 1, we define 

(81) A„(/) = |L*(/,p,n)|M"e3(p)('^-^V4 

In Table V, for the form / of conductor 5 and weight 4, define 



i?i(/)=A(/)/(22x 5^x13), 
52(/)=A2(/)/(5^xl3). 
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Table V: form / of conductor 5 and weight 4. 


m 


Biif) 


V52(/) 


2 


2^-7 


2 


3 


5-41 


1 


6 


22 . 1801 


2-7 


7 


2^ ■ 23 ■ 41 


22 


11 


26-2311 


22-11 


12 


2^ . 839 


23 


13 


11 ■ 13 ■ 43 ■ 53 


1 


14 


22 ■5- 7- 13 -251 


2-5 


17 


31 ■ 167 


5 


19 


5-432 


13 


21 


3425341 


67 


22 


2^ . 43 ■ 13841 


22-11 


23 


2^ ■ 35 ■ 1409 


22-3-5 


26 


22 ■ 13 ■ 887 


2-13 


28 


22 . 503 


2 


29 


11 ■ 1678031 


109 


31 


5 ■ 79 ■ 62351 


151 


33 


5 -112 -19 -2879 


5-7 


34 


24 . 17 ■ 142427 


22 


37 


2^ ■ 32 ■ 5 ■ 367 


22-3 


39 


2^ • 71 ■ 17489 


22-11 


41 


17 -31 -211 -941 


11 


42 


22 . 19 ■ 859 ■ 1801 


2-149 


43 


22. 7- 19 -251 -491 


2-52 


44 


22 ■ 11 ■ 421 


2-7 


46 


22 . 33 ■ 7283 


2-3 


47 


2^ ■ 232 ■ 22567 


2^-13 


51 


2^ ■ 5 ■ 13 ■ 278591 


22 - 101 


52 


22-2513617 


2 


53 


5-290161 


29 


57 


22 - 61 - 503 ■ 4241 


2-72 


58 


2^ - 9208039 


2^-5 


59 


2^ - 5 - 23 - 397 ■ 853 


22 - 112 


62 


22 - 307 - 2879 


2-5-7 


66 


2^ - 5 - 6458773 


2^-11 


67 


22 - 132 - 192 - 4759 


2-103 
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Table V: form / of conductor 5 and weight 4. 


m 


BiU) 


V^2(/) 


68 


2^ ■ 10484557 


2-7-13 


69 


22 . 33 • 857 ■ 15733 


2-3-31 


71 


22. 7 -31 -79 -101 


2-29 


73 


5 ■ 17 ■ 47 • 1831 


43 


74 


2^ . 3^ ■ 11 ■ 523 ■ 1031 


2-33 


76 


25- 311 -7297 


2^ - 13 


77 


24- 7- 11 ■2377- 60913 


22 - 101 


82 


23 ■ 5 • 73 ■ 4817 


22-11 


83 


? 


22-32-7 


84 


22. 7 -431 -10259 


2-199 


89 


22 ■ 35 ■ 71 ■ 293 


2-32-5 


91 


5 ■ 4519393 


1 


92 


22 -32 -157 -31019 


2-32 


93 


? 


2 - 31^ - 179 


94 


? 


2-11-19 


97 


? 


22 - 32 - 52 



In Table VI, for the form / of conductor 7 and weight 4, define 



i?i(/) = Ai(/)/(7=^x5). 



Table VI: form / of conductor 7 and weight 4. 


m 


Biif) 


2 


22-3-7 




3 


3-132 




5 


2^-3-71 




6 


2^-3-7-113 




7 


3-223 




10 


22 - 239 




11 


3-211-499 




12 


22-3-7-241 




13 


2^-3-5-773 




14 


22-3-41-59 




15 


3-5-13-43-179 




17 


32 - 1223 




19 


2^-37 




20 


2^ - 3 - 1213 




21 


2^^ - 3 - 29 




22 


23 - 3 - 19 - 28277 
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Table VI: form / of conductor 7 and 


weight 4. 


m 


BiU) 


23 


3'^ ■ 47 ■ 10463 




26 


22 ■7- 3917 




28 


23.13 




29 


3 ■ 7 ■ 1904647 




30 


22 . 3 ■ 19 ■ 266839 




31 


26 . 3 ■ 307267 




33 


2^ ■ 3 ■ 849221 




34 


2^ . 3^ ■ 83 ■ 101 




35 


43 ■ 191 




37 


2^ . 15937 




38 


2^ ■ 3 ■ 5 ■ 864947 




39 


2^.3 -957811 




41 


22 . 3 ■ 5 ■ 13 ■ 173 ■ 1693 




42 


22 ■ 3 ■ 37 ■ 15601 





In Table VII, for the form / of conductor 5 and weight 6, define 

5i(/) = Ai(/)/(26.31-52), 
52(/) = A2(/)/(2^-31), 
53(/) = ^3(/)x5/(2^-31). 



Table VII: form / of conductor 5 and weight 6. 


m 


Biif) 


B2{f) 


VBsif) 


2 


2^ ■ 661 


1759 


1 


3 


22 . 5 ■ 13 ■ 2953 


22 . 5 ■ 1223 


2 


5 


3 -193 -211 


3 ■ 52 ■ 13 • 37 





6 


2^ ■ 5 ■ 137 ■ 39323 


19 ■ 47 • 5531 


59 


7 


2^ ■ 7 ■ 14230919 


22 -47 -53813 


47 


10 


3 ■ 1097 


3 • 52 • 31 





11 


2^ ■ 5 ■ 971 ■ 592759 


2^ . 28000571 


181 


12 


2^ • 72 • 533063 


22 ■ 7 ■ 145543 


23 


13 


22 ■7- 11 -211 -6591061 


2^ ■ 112051757 


13-31 


14 


2^ ■ 52 ■ 1082124649 


52 ■ 65780839 


52.19 


15 


22.3- 13697- 15101 


23 . 3 ■ 52 ■ 103 ■ 1559 





17 


22 . 53 ■ 7 ■ 65777 


22 ■ 491 ■ 971 


5 


18 


2^ ■ 72 ■ 533063 


22 ■ 7 ■ 145543 


23 


19 


22 ■ 11 ■ 14243891 


2 ■ 5 ■ 418273 


22 


20 


3 ■ 59 ■ 387077 


3 ■ 52 ■ 96457 





21 


22 . 29 ■ 104789 ■ 2583353 


2-3 ■ 192 ■ 647 ■ 11827 


2-191 
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Table VII: form / of conductor 5 and weight 6. 


m 


Bi{f) 


B2{f) 


^/B,U) 


23 


2^ ■ 3^ ■ 5 ■ 32517200203 


2^ -3^ -1117 -156733 


3-5 


26 


2^ ■ 699507967 


7-6916561 


47 


28 


26.5-29-41-113 


17 - 39383 


19 


29 


22 ■ 5 ■ 19 ■ 37 ■ 41633381443 


22 - 283 - 3323 - 64067 


2-757 


30 


3 ■132- 17 -53 -1051 -2713 


3 - 52 - 72 - 3320281 





31 


2^ ■ 52 ■ 1597 ■ 25447 ■ 254627 


22 - 5 - 73 - 219638621 


2-967 


33 


22 . 79 ■ 5727093605801 


22 - 52 - 43 - 109868293 


5-31 


34 


25 ■7- 17- 23 -227 -130914857 


2^ - 487 - 122916679 


2 - 1867 


35 


2^ ■ 3 ■ 7 ■ 46049 


2^ - 3 - 52 - 10729 





37 


2^ ■ 32 ■ 5 ■ 181 ■ 199 ■ 9743 


2^ - 32 - 5 - 13 - 59 - 829 


3-72 


38 


27- 52 ■7-61 ■27077- 185057 


1657646829583 


31 - 149 


39 


2^ ■ 2957 ■ 86182236263 


2^-1039-3011-62311 


7-97 


41 


22 . 3303519970879679 


2 - 53 - 709 - 36628831 


881 


42 


2^ ■ 73 ■ 267139 ■ 5797783 


59 - 59147190533 


4919 


43 


2^ ■ 19 • 638839 ■ 52230109 


2^ - 482148655367 


5-13-67 



In Table VIII, for the CM form / of conductor 121 and weight 4, define 





5i(/)=^i(/)/(2'-ll)- 


Table VIII: form / of conductor 121 and weight 4. 


m 


BiU) 


2 


22-3-17-37 


3 


2 - 5 - 4373 


5 


2 - 3=^ - 5 - 2069 


6 


32 - 83 - 2297 


^7 

i 


2 - 5 - 349 - 863 


10 


32-5-13-211 


11 


2^-112 


12 


22-3-13-31-367 


14 


2^ - 3 - 5 - 439 - 1129 


17 


2 - 3 - 29 - 8219 


19 


2-5^-11-29-31 


20 


2^ - 32 - 156241 
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